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Abstract. Let G denote the complex special linear group, or more generally a complex 
reductive linear algebraic group . We consider two a priori unrelated problems: 

1) Given a G equivariant map tt : G • [w] — > G ■ [w] between two orbits in projec- 
tivizations of finite dimensional complex rational representations of G provide a necessary 
' and sufficient condition for tt to extend to a regular map between the Zariski closures of 

those orbits. Provide a "polyhedral-combinatorial" characterization of the existence of an 
extension. 



=3 



2) Given a smooth complex projective variety X — > provide a necessary and suffi- 
psj , cient condition in terms of the geometry of the embedding which insures that the Mabuchi 

energy of {X,lofs\x) is bounded from below on the space of Bergman metrics. Provide a 
"polyhedral-combinatorial" characterization of the existence of a lower bound. 



The second problem is essentially a special and highly non-trivial case of the first prob- 



< 

(— I ' lem. The purpose of this article is to study the incredibly rich structures associated with 

the first problem and then to deduce several new results related to the second problem: We 
provide a new definition of the CM-polarization as a pair of invertible sheaves (^/; , 
on the appropriate Hilbert scheme. We prove that this pair is globally generated. We intro- 
duce the (.5fR, .5fA)-semistable locus in the Hilbert scheme and prove that this locus is a 
finite union of locally closed subschemes. We prove that a point [X] in the Hilbert scheme 
' is semistable with respect to {^r, J2a) if and only if the Mabuchi energy of [X, ujps\x) is 

, bounded below on the space B of Bergman metrics . We also establish an analytic numeri- 

' cal criterion for a lower bound : the Mabuchi energy of (X, i-ufs\x) is bounded below on 

■<!;;j- , B if and only if it is bounded below on all analytic curves in B. We prove that discriminants 

commute with smooth limit cycle formation. We provide generalizations of the classical 
, Calabi-Futaki character, the generalized Futaki character, and the Mabuchi energy. We ex- 

PsJ ■ plain how these notions arise naturally in the finite dimensional representation theory of 

complex linear algebraic groups. 
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1. Introduction 



One of the main problems in complex geometry is to detect the existence of a canonical 
Kahler metric in a given Kahler class on a compact Kahler manifold {X, tu) (see [|Yau78L 
lAubTBl ) . In particular, an outstanding problem in the field is to find necessary and suf- 
ficient conditions for the existence of a Kahler Einstein metric on a Fano manifold, or 
more generally a constant scalar curvature metric in the class ci(L) of any (very)ample 
divisor L on X. This problem seems extremely difficult and has led to a striking series 
of conjectures, which we prefer to call the standard conjectures, which relate these spe- 
cial metrics to the algebraic geometry of the associated projective models of the manifold 
X. Yau speculated that the relevant algebraic geometry would be related to Mumford's 
Geometric Invariant Theory. Motivated by Yau's suggestion Tian introduced the notions 
of CM/K [](semi)stability (see [|Tia94ll , IITia97ll ). Tian was led to | these stability con- 
ditions through the remarkable idea of restricting the Mabuchi energy z/^ to the group 
G := SL(H^(X, LY) or the space A(G') of it's algebraic one parameter subgroups (see 
nDT92|| ). The problem was to establish the following : 



Part of the problem is to provide the definitions of (semi)stability. The difficulty here is 
to understand the behavior of the Mabuchi energy restricted to the spaces on the left and 
then convert this understanding into meaningful algebro-geometric conditions on the em- 
bedding X — > P^. Due to this difficulty Tian's original definition of K-stability has been 
modified and extended in various directions by many authors. Currently, the most widely 
known reformulation is due to Donaldson (see [|Don02|| ). Unfortunately neither this refor- 
mulation nor its variants resolve the problem of Mabuchi energy control along algebraic 
degenerations in the space of Bergman metrics, let alone the behavior of the energy on the 
entire space. With the exception of Lu (see [Lu04J), this issue seems to have been neglected 
by most researchers in the field. Recently the author has given complete solutions to prob- 
lems i) and ii) for a fixed subvariety X in (see UPaullH ). The purpose of this article to 
analyze the relative case and develop the entire theory in the broader context of equivariant 
embeddings of algebraic homogeneous spaces and the representation theory of reductive 
algebraic groups. The main contributions in this paper are Theorems 11.21 11.31 , 11.41 and the 
table at the end of Section [3]. 

1.1. CM (semi)stability. In order to better appreciate the results of this paper, we first 
discuss Tian's approach towards CM-stability and the standard conjectures (see [|Tia971 
section 8 for further details). To begin we consider a family X Y of polarized varieties 
satisfying the following conditions : 

(1) X and F are smooth varieties such that X C F x . 



"CM" stands for Chow-Mumford and "K" refers to the K-energy of Mabuchi. 
■ This strategy is aheady completely explicit in OTia90l . 




(1.1) 



ii) 
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(2) 77 := pi|x : X — )■ F is flat of relative dimension n, degree d with Hilbert polyno- 
mial P. 

(3) Let L := p*20{l)\^. Then L\xy is very ample and the embedding Xy := 7r~^(y) A 

is given by a complete linear system for y gY. 

(4) There is an action of G := SL{N + 1, C) on the data compatible with the projection 
and the standard action on P^. 

We let Kj, denote the relative canonical bundle : 

(1.2) := 71* Ky' , K^\x, = Kx, for all y G F \ ^ . 

3i denotes the discriminant locus of the map tt. 

Let ji be the subdominant coefficient of P (the Hilbert polynomial of the family) . Tian 
introduces the following virtual bundle over X : 

(1.3) 8^ := {n + 1)(/C - K-^){L - L^^Y - - L-'r+' . 

Tian's definition of CM (semi)stability is formulated in terms of the following linearization 
onF. 

Definition 1.1. (Tian nTia97ll ) The CM polarization of the family X — )■ F is the line bundle 

:= detRn,{S^)-^ G Pic^(F) . 

Remark 1.1. The CM polarization is not necessarily positive. We will discuss this issue in 
detail below. 

Given y G F we define Cy to be any (non-zero) lift of y to ^(^\y . 
Definition 1.2. (Tian IITia97ll ] ?/ G F is CM semistable if and only if 



(1.4) G -eyHi zero section of ^cm^} = . 

In the statement of Theorem 11.11 below c is a constant which depends only on the choice 
of background Kahler metrics on X and F , cOy := ojpslx denotes the restriction of the 
Fubini Study form of to the fiber Xy. We let u^^ denote the Mabuchi energy of Xy , 
and if a denotes the Bergman potential corresponding to cr G G. For the convenience of the 
reader these notions are recalled in detail in section |2]below. The following result is due to 
Tian. 

Theorem 1.1. (Tian [|Tia97l section 8, pg. 34 (8.15)) Assume F is complete. Let h be 
a smooth Hermitian metric on . Then there is a continuous function ^ : F \ ^ — )■ 
(— cxD, c) such that for all y G F \ ^ and all a G G the following identity holds 

(1.5) d{n + l)iy^\^^{ip^) = ^ (ay) + log 
In particular for all a G G there is an inequality 



0" ■ e 


y 


12 
\h 




P2/ 


12 
\h 



cr ■ e 


y\ 


12 
\h 




\^y\ 


12 
\h 



(1.6) d{n + l)z/^| (if^) < log ",, J^'^ + c 



Corollary 1.1. (Tian IITia97ll ] Assume that the Mabuchi energy of the fiber Xy is bounded 
below. Then y is CM semistable. In particular y G F \ ^ is CM-semistable whenever it 
admits a canonical metric in the class uj\x ■ 
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In contrast to K-(semi)stability CM (semi)stability and the linearization S£f,m have re- 
mained in the background. There are, in the opinion of the author, three reasons for this. 

The first reason is that =Sfcm seems to have no convincing positivity properties. Positivity 
is necessary in order to make contact with classical invariant theory. More precisely given a 
flat G equivariant family X — Y of polarized manifolds and the corresponding lineariza- 
tion S£cra e Pic'^(F) we would like to say that y G V^J^cm) if and only if ^ G • 
where w{%j) is a point in the dual space of a suitable finite dimensional G invariant base 
point free subspaceOWof , S£c^) . Unfortunately it seems that in the majority of 

examples =Sfcm has no sections at all and this is why semistability with respect to Ji^cm is 
defined by (11.41) . In the same vein one would like a geometric interpretation for the lift 
ty. For example in [|Tia94| Tian shows that for the universal family of hypersurfaces of 
fixed degree in a projective space is just a power of the polynomial corresponding to y. 
Therefore in this special case the lift ty is essentially the Cayley-Chow form of Xy. We 
remark that in this case ££cm is ample. 

The second reason is that even in those rare situations where is actually positive, 
semistability with respect to S£am does not coincide with Mabuchi energy lower bounds 
along the Bergman metrics. This is due to the appearance of the so-called singular term ^ 
in (11.51 ) (see []Tia97ll section 8 Lemma 8.5 and corollary 8.6 for the definition of \1'). 

The third reason is that CM stability seems to require the base of the family X — > Y to 
be complete. In the majority of interesting examples completeness fails. 

Our explanation for these defects is simple but rather jarring: CM stability should not 
have been formulated in terms of a linearization. In this paper we formulate an improved 
version of CM semistability in terms of a pair of linearizations 

, ^a) e Pic^(F) X Pic^(F) . 

We will refer to this pair, by abuse of terminology, as the CM-polarization in recognition 
of Tian's early work. The theory of embeddings of algebraic homogeneous spaces provides 
us with the correct definition of semistability with respect to (=2/? , ^a)- We say that our 
definition of semistable pair^ is the correct one because this definition coincides with the 
existence of a lower bound for the Mabuchi energy restricted to the Bergman metrics. We 
prove that the pair {Jfji , ^a) is globally generated. In this way the positivity sought after 
in the old theory is available, and perhaps better understood, in our new theory of pairs. 
Moreover, this positivity provides the indispensable connection with representation theory. 
Our new definition of CM semistability cannot be developed or even stated without this 
connection. The ideas required for the proof of global generation first arose in a breathtak- 
ing 1848 note of Arthur Cay ley (see [ |Cay48) ) . More modem formulations can be found in 
( [1KM76J . | >Fog69l , IGKZ94J, [We^ ) . 

In our previous papers (see UPaulU , [|Pau091 ) we studied the Mabuchi energy, the 
X -resultant R{X) G P(IEa.) , and the X-hyperdiscriminant A{X) G P(E^.) Hof a fixed 
projective manifold X — > . The vector spaces E^. and E^. are certain finite dimen- 
sional (irreducible) representations of G with corresponding highest weights A, and yU,. 
These modules are described in detail below. 



^When Y is complete, we can take W = H"{Y , JCcm) ■ 

^See Definitions 13 . 3 1 and 13 .41 Our theory is not related to Hitchins' theory. 

^Definitions appear in section |2]below. 



CM STABILITY 5 

In this paper we analyze, among other things, the relative situation. To begin consider a 
flat family X A F of polarized manifolds. Define maps A and R as follows: 

A:F^P(E^.), Aiy) := A(X,) , 

(1.7) 

R:Y^¥{E^,), R{y) := R{Xy) . 

Remark 1.2. When the family is G-equivariant the maps R and A are also G-equivariant. 

The first main result of this paper is the following. 

Theorem 1.2. (Positivity of the CM polarization) Let X ^ Y he aG equivariant family of 
polarized manifolds. There exist invertible sheaves J:f^, Jfji G Pic'^(F) such that: 

i) is globally generated. 

ii) There exists a base point free G invariant finite dimensional subspace 
E C T{Y , ^a) satisfying E = E)^, . 

in) The associated morphism 0if^,E^. : Y — > ^(^ti.) coincides with A . 

iv) ££r is globally generated. 

v) There exists a base point free G invariant finite dimensional subspace 
F C r(F , satisfying F = E^. . 

VI) The associated morphism ^if^.E^. • ^ — ^ 1P(IEa.) coincides with R . □ 

Remark 1.3. In most applications the base Y is quasi projective. In particular, Y is usually 
not complete. 

Corollary 1.2. R and A are G-equivariant regular maps and there are isomorphisms of 
invertible sheaves on Y 

■^R = -R*Cp(Ea.)(i) 7 = ^*c'p(Ep.)(i) • n 

The corollary implies that the lifts of y E Y to and respectively admit geo- 
metric interpretations 

^R^\y = CR{Xy) , ^A^\y = CA{Xy) . 

Remark 1.4. The map R : Y ^ F(Ea.) is essentially the Hilbert-Chow morphism. A 
study of this map has been carried out in [KM76| and [ Fog69[ . In particular the reader 
should be aware that parts iv ) — vi) of Theorem 1 1.2 1 are known. The proof provided here is 
new and, we believe, much simpler. 

Thanks to Theorem 11.21 given a G-equivariant family X ^ F we may define the follow- 
ing subset of Y 

(1.8) Y^^'^^'i^R , ^a) := (numerically) semistable locus in Y . 
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See Definition 13.1 21 below for the definitions of the (numerical) semistable locus. 

The connection between these loci and K-energy bounds is brought out in the following 
theorem, in order to state it we first fix some notation. 

For any vector space V and any v E Y \ {0} we let [v] E P(V) denote the line through 
ti. If V and W are G modules we define the projective orbits : 

(1.9) 0,^:=G-[{v,w)]cF(Y®W) , := G ■ [v] C F(W ® {0}) . 

We let 5 denote the Zariski closures of these orbits. 
Our second new result is as follows. 

Theorem 1.3. Let X A F be a flat G-equivariant family of smooth subvarieties of 
with Hilbert polynomial P 

p(r) = ^Q+c„_,(JJ+o(r-). 

(1) The Mabuchi energy of (Xy, copslx ) is bounded below on B if and only if 



(2) There is a constant M which depends only on c^, c„_i and h such that for every 
y E Y^^{^ii , the following inequality holds 

(1.10) + 1) inf z/<^^^|^^(a) - ^logtan2cig(0/j(j,)A(y),C»R(j;))| <M . 



(3) The Mabuchi energy of {Xy, 0JFs\xy) is bounded below on all degenerations in G 
if and only if y G V'^^r , ^a) ■ 



(4) The locus , ^a) is constructible. 

In the statement of Theorem 1 1.3 1 we let h denote a background positive definite Hermit- 
ian form on C^+^, B is the set of Bergman metrics associated to G , and dg denotes the 
distance in the Riemannian metric induced by h on the projective space P(IEa. © E^j. ) . The 
polynomials R{Xy) and A(Xj,) have been normalized to unit length. The reader is referred 
to section 2 for an explanation of undefined terms. 

Remark 1.5. Part (4) of Theorem 11.31 says that the locus of points y E Y whose cor- 
responding fibers have Mabuchi energy lower bounds along all degenerations in G is cut 
out by a finite number of polynomial equalities and non-equalities. Moreover the author 
expects that the semistable and numerically semistable loci coincide (see Conjecture 13. II) . 

In his discussion of the definition of (semi)stability Mumford ( see [IMFK94II pg.l94 ) 
remarks that " (these notions) are interesting topological properties to study in any linear 
representation (of G) ". In this article semistability is developed entirely in the context of 
complex reductive linear algebraic groups and pairs 



(we V\{0}; we W\{0}) 
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of finite dimensional rational representations of such groups (see Definition 13 .41) . A semi- 
stable pair is a special case of the relation of dominance in the theory of equivariant em- 
beddings of an algebraic homogeneous space O . We provide a "polyhedral combinatorial" 
necessary condition for semistability which we call numerical semistability (see Defini- 
tions [23] and [33]) , the author believes this to be a sufficient condition as well (see Property 
(P) and Conjecture 13 -ll in section 3 ). 

Numerical semistability is closely related to the next result of this paper. This theorem 
grew out of the author's many conversations with Joel Robbin. 

Let Di denote the 5 disk in C. 

Theorem 1.4. (Analytic Numerical Criterion ) Let X" ¥^ be a smooth, linearly normal, 
complex projective variety of degree d > 2. Assume that 

(1.11) inf i/^(V9^) = -cx) . 

Then there exists a positive number 5, a holomorphic mapping a : Ds — > G, and an 
algebraic one parameter subgroup A of G such that 

(1.12) lim z/^(v?7(a)) = -oo 7(a) := A(a) ■ a{a) □ . 

Remark 1.6. The limitation of Theorem 1 1.41 is that we cannot, at the moment, deduce the 
existence of a one parameter subgroup along which the Mabuchi energy degenerates to 
— oo. A stronger version of this result can be obtained provided we restrict to algebraic 
tori in G. In this situation one can always approach the boundary with a one parameter 
subgroup. See Lemma [TT] below ( see also Theorem E from OPaullll ) . 

Our new versions of CM/K-semistability bring our work into contact with many subjects 
in mainstream algebraic geometry: compactifications of (locally) symmetric spaces, toric 
varieties, complete symmetric varieties, wonderful compactifications, spherical varieties, 
and classical Geometric Invariant Theory. In fact the definition of semistability developed 
in this paper already appears implicitly in these subjects. 

Despite the terminology "semistable pair", Mumford's Geometric Invariant Theory is 
not, for our purpose, the only model to emulate. The author has also been inspired by the 
works of DeConcini-Procesi (see [IDCP83II ). Brion-Luna-Vust (see [ BLV86II ). and Popov- 
Vinberg (see llSha94|| ). The abstract representation / equivariant embedding theory is then 
applied to the non-trivial example of projective varieties by considering the map (11.71 ). 

One of the many advantages of our new point of view is the presence of a large number 
of interesting examples of semistable pairs, equivalently, examples of morphisms between 
equivariant completions of algebraic homogeneous spaces. A particularly accessible illus- 
tration of the definition is provided by the class of two orbit varieties. We consider several 
examples in Section [3] 

We exhibit the present scope of our theory with the following diagram. In particular, 
the stability required for the Kahler Einstein problem is not a special case of Geometric 
Invariant Theory, rather, both theories are special cases of the theory of pairs. 
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Morphisms 

between 
embeddings 
of O 



Semistable 
Pairs 



Hilbert- 
Mumford 
Geometric 
Invariant 
Theory 



Figure 1 . Special cases of the theory of semistable pairs. 

1.2. Organization. In order to maximize the readers' understanding we give a synopsis 
of its contents. In section[2]we define resultants, discriminants, and hyperdiscriminants of 
complex projective varieties and define the semistability of projective varieties in terms of 
these objects (see Definitions 12.41 and 12.51) . We also define the Mabuchi energy, the space 
of Bergman metrics, and state several auxiliary results which follow easily from the dis- 
cussion in Section [3l In Section [STI we define the concept of a semistable pair of points in 
the context of finite dimensional rational representations of algebraic groups (Definitions 
13.31 and [34] ) . In Section [X2] we discuss numerical semistability (definition 13.51) . Section 
I3.3l is concemed with a Kempf-Ness type "energy functional" attached to a pair of repre- 
sentations . At this point the reader will have noticed a strong family resemblance between 
our theory of semistable pairs and Mumfords' Geometric Invariant Theory. A head to head 
comparison of the two theories is provided in Table 1 at the end of Section [31 Section 4 is 
concemed with determinants of direct images of Cayley-Koszul complexes. This section 
contains the proof of Theorem II. 2 1 

2. The Basic Construction and Further Results 

For the convenience of the reader we recall the definitions of A(X), the hyperdiscrimi- 
nant, and R{X), the resultant, of a projective variety. We always assume that X is embed- 
ded into as a linearly normal variety. This insures that the resultant and discriminant 
of X behave as well as possible ( see l|Tev05ll section 1.4.3). For further details and back- 
ground we refer the reader to [IGKZ941 and [[Paul 11 . 

2.1. (Hyper)discriminants and Resultants of projective varieties. Let X" — > be 

an irreducible, n-dimensional, linearly normal, complex projective variety of degree d > 2. 
Let G{k, N) denote the Grassmannian of A;-dimensional projective linear subspaces of P^. 



K-energy 

lower 
bounds on 
Bergman 
metrics 



Quasi- 
closed 
orbits in 
projective 
represen- 
tations 
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This is the same as G{k + 1, C^"*"^) , the Grassmannian of /c + 1 dimensional subspaces of 



Definition 2.1. (Cayley [ |Cay60| j The associated form of X" — s- is given by 

Zx := {L G G(A^ - n - 1, A^) |L n X 7^ 0} . 
It is well known that Zx enjoys the following properties: 

i) Zx is a divisor in G{N — n — 1, N) . 

ii) Zx is irreducible . 

in) deg{Zx) = d (in the Pliicker coordinates) . 



Therefore there exists Rx e if°(G(iV -n-l,N), 0{d)) such that 

{Rx = 0} = Zx 

Rx is the Cay ley-Chow form of X. Following Gelfand, Kapranov, and Zelevinsky we call 
Rx the X-resultant . Observe that 

Rx £ 'C'd{n+l)[M(^n+l)x{N+l)f^^'^^^''^^ ■ 

2.2. Discriminants. We assume that X — > has degree d > 2. Let X^"^ denote the 
smooth points of X. For p G X^"^ let Tp{X) denote the embedded tangent space to X at 
p. Recall that Tp(X) is an n-dimensional projective linear subspace of P^. 

Definition 2.2. The dual variety of X, denoted by X^, is the Zariski closure of the set of 
tangent hyperplanes to X at its smooth points 

X^ := {/ G P^"" I Tp(X) C ker(/) , p G X^™} . 

Usually X^ has codimension one in P^^. 
Definition 2.3. The dual defect of X — > P^ is the integer 

6{X) := codim(X'') - 1 . 

When 5 = there exists an irreducible homogeneous polynomial Ax G C[P^^] ( the 
X-discriminant) such that 

X^ = {Ax = 0} . 

Example 1. There are many varieties with positive dual defect. For an example one may 
take X := G(2, C^^+i) P(a2C2"+1) . The defect for this variety is positive because 
the space A^C^"+^ is prehomogeneous for the action of G := SL{2n + 1, C), that is, it 
contains an open dense orbit. Therefore all G invariants are constant. If X had codimension 
one dual then Ax would be a non-trivial G invariant. In the even case, one may use the 
determinant as a nontrivial invariant. Recall that the Grassmannian of lines in P^ is a 
smooth hypersurface in P^ so its dual is automatically codimension one by general theory 
(see [Tev05,n . 
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2.3. Hyperdiscriminants. Given X — > we consider the Segre embedding 

XxP"-i^P(M„x(^+i)^). 

Of basic importance for this paper is the next proposition which follows from work of 
Weyman and Zelevinsky (see nWZ94|| ) and Zak ( see [|Zak93ll ) . 

Proposition 2.1. Let X — > be a nonlinear subvariety embedded by a very ample 
complete linear system. Then 5{X x P"~^) = . 

Remark 2.1. The reader should observe that X is not required to be smooth . 

It follows from Proposition |2T|that there exists a nonconstant homogeneous polynomial 

which we shall call the X-hyperdiscriminant, such that 

{Axxp-i = 0} = (X X P"-i)^ . 

Remark 2.2. For further information on the hyperdiscriminant the reader is referred to 
UPaullll section 2.2 pg. 270. The two crucial properties are that X x P"^i is always dually 
non-degenerate and that AxxP^ i encodes only the Ricci curvature of X — y P^. 

The obvious task is to compute the degree of this polynomial . 

Proposition 2.2. (see UPaullll Proposition 5.7) Assume X is smooth. Then the degree of 
the hyperdiscriminant is given as follows 

deg(AxxP"-i) = TT'i.'n + l)d — d/i G Z+ . □ 

In the preceding proposition /i denotes, as usual, the average of the scalar curvature of 
^Fs\x- For the algebraic geometer this number is essentially the subdominant coefficient 
of the Hilbert polynomial of X. 

So far, to a nonlinear projective variety X — v P^ we have associated two polynomials: 
Rx and Ax- Translation invariance of the Mabuchi energy forces us to normalize the 
degrees of these polynomials. From this point on we are interested in the pair 

(2.1) R = R{X) := i?Js(^-xPn-i) ^ ^ ^ ^JgCRx) _ 
Below we shall let r denote their common degree 

(2.2) r = deg(AxxP"-i) deg(/2x) = d{n + l){n{n + l)d - d^) . 
We summarize this discussion as follows . 

The Basic Construction . Given a partition f3, with N parts let E/j. denote the corre- 
sponding irreducible G := SL(N + 1, C) module. Let X — > be a linearly normal 
complex projective variety. We make the associations 

X ^R = R{X) G Ea. \ {0} , {n + 1)A. 

N+l-n 

X^A = A(X) G E^. \ {0} , n/i. = ■ ^ ' 
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Moreover, the associations are G equivariant: 

R{a-X) = a- R{X) , A((t ■ X) = a ■ A(X) . 
The irreducible modules E^. and E^. admit the following descriptions 

Ea. = if°(G(iV-n - l,iV),o(-^)) = C,[M(„+i)x(^+i)]^^("+^'^^ 

E^. = i/0(G(iV -n,iV),o(^)) = C,[M„x(^+i)]^^('^'^) • □ 

Remark 2.3. Observe that r is divisible by both n and n + 1. Therefore A, and /z, are 
actual partitions. 

Remark 2.4. X — )■ need not be smooth in order to carry out the basic construction. 
In this event r is still the product of the degrees, but there seems to be no straightforward 
expression for this degree for arbitrarily bad singularities. 

For any vector space V and any i; G V \ {0} we let [v] E P(V) denote the line through 
V. If V is a G module define := G ■ [v] C P(V) the projective orbit of [v] . We let Q„ 
denote the Zariski closure of this orbit. Given (t> G V \ {0} ; w G W \ {0}) we consider 
the orbits inside the projective space of the direct sum 

(2.3) := G ■ [{v, w)] C P(V © W) , a C P(V © {0}) . 

Now we are prepared to introduce the following replacement for Tian's definition of CM 
semistability (see [|Tia97ll section 8) . 

Definition 2.4. Let X — > be an irreducible, n-dimensional, linearly normal complex 
projective variety. Then X is semistable if and only if 

(2.4) Oi?AnO« = 0. 

Recall that for any G module V and any f G V \ {0} the weight poly tope M{v) is the 
convex hull of the H weights of v where iJ is a maximal algebraic torus in G. Observe that 
^{v) is a compact convex lattice polytope in Mfi(H). 

Now we are prepared to introduce the following replacement for Tian's (respectively 
Donaldson's) definition of K semistability (see |Tia97ll definition 1 . 1 and [|Don02ll section 
2.1). 

Definition 2.5. Let X — ¥ P^ be an irreducible, n-dimensional, linearly normal complex 
projective variety. Then X is numerically semistable if and only if 

(2.5) J\f{R) C A/'( A) for every maximal algebraic torus H < G . 

Remark 2.5. Clearly Definitions 12.41 and 12.51 can be formulated for any nonzero pair of 
vectors (v, w) in any pair V, W of finite dimensional G-modules.This is the correct level 
of generality in which to operate and this point of view will be fully developed below 
(see Definitions 13 .41 and 13.51 ). The author expects that these definitions are equivalent (see 
Conjecture 13. 1 I below) . 

Given any compact be a Kahler manifold {X, to) we always let ji denote the average of 
the scalar curvature of cu and V denote the volume 

fx :=^ f Scal(a;)w" , V := [ . 
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The space of Kahler potentials will be denoted by V.^ 

:= e C°°(X) \uj^:=u + ^^dd^ > 0} . 

ZTT 

The Mabuchi energy is the functional : — > M defined by 



fi)u^dt. 



(2.6) u^iif) ■■=-^ [ [ 0t(Scal(^t 

^ Jo Jx 

Lft is a path in T-L^^ joining and (p. It is well known that does not depend on the path 
chosen and that (/? is a critical point of if and only if Sca\^{ip) = /i (see llMab86ll ) . One 
of the most important analytic results concerning the Mabuchi energy is the following. 

Theorem 2.1. (Bando-Mabuchi [BM87IJ Let {X,uj) be a compact Kahler manifold sat- 
isfying [to] = Ci{X). If there exists a Kahler Einstein metric in the class [to] then is 
bounded from below on T-L^. 

Remark 2.6. This result has been generalized been generalized to an arbitrary Kahler class 
by Chen and Tian. 

Now we suppose that X" — )■ is a smooth complex projective variety . Let cops 
denote the Fubini-Study Kahler form on . We set a; := copslx ■ The space i3 of Bergman 
metrics is defined by 

B := { o-*Ufs \ a e G} . 
Since a E G acts by automorphisms of P^ there is a potential (fa- £ G°°{X) such that 

Zn 

Therefore a*ujFs\x > and we have an "inclusion" map B — > T-Lui- We will often 
confound G with B. Now we may think of the Mabuchi energy as being a function on B. 
For any a E B we define 

Given A : C* — > G, an algebraic one parameter subgroup of G, the associated potentials 
'fx(t) G B , are called degenerations. 

A cornerstone of the present article is the following Theorem, recently obtained by the 
author. The reader should compare this with Tian's result (II .51) . 

Theorem A . (Paul nPaullH ) Let X" P^ be a smooth, linearly normal, complex pro- 
jective variety of degree d > 2 . Then there are continuous norms on E^. and Ea. such that 
the Mabuchi energy restricted to B is given as follows 

d {n + l)iy^{ipa) =\og—^^^ log^^ip-- ° 

The definitions of stability proposed by the author are completely justified by the next 
result. 
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Theorem 2.2. (Paul llPaullll ) 

i) 1^uj\g>-00 <^=^ CJ/JA n Cij = . 

ii) '^w|a(g) > — oo <^=^ Af{R) C Af{A)for all maximal algebraic tori H < G . 

Next we explain how our new theory of semistability makes contact with Tian's ear- 
lier notion of CM-semistability as formulated in [|Tia97l . Given X A F a flat family of 
polarized manifolds we define a line bundle on Y as follows 

X := if^ ® ifA = i?*Op(E,.)(-l) ® A*Op(E,.)( + l) . 

In the next proposition we compare this sheaf to Tian's CM-polarization. Precisely, we 
compute the first Chem class of in terms of the family X F. The reader should 
compare this to 8.3 on pg. 28 of [|Tia97l . In what follows deg(X/F) denotes the degree of 
any fiber of the map X F . 

Proposition 2.3. Assume that the Grothendieck Riemann Roch theorem is valid for the 
map X A F. Then the first Chem class of coincides (up to a positive power) with 
ci(^cm). Precisely 

ci(^^) = deg(X/F)7r, {{n + 1)ci{K^)'kIci{LY + /i7r2*Ci(L)"+i) . □ 

Remark 2.7. All earlier approaches to the positivity of are based on the study of 
its first Chem class. In the present work we produce a large number of algebraic sections. 
This is a much more substantial measure of positivity. 

Let (X, u) be any compact Kahler manifold. Let ri{X) denote the Lie algebra of holo- 
morphic vector fields. Recall that the Calabi-Futaki invariant (see IIFut83ll ) is the Lie alge- 
bra character 

(2.7) Fh : r/(X) ^ C , F^^^{v) := I v{K)uj^ . 

Jx 

The potential /i^ is defined by 

Scaliuj) — jJi = A/i^ . 

Let X F be a flat family of polarized manifolds. For any y G F we define the space of 
special degenerations of y, denoted by Aj, , as follows 

ky:={\:€* \ A(0) G F} . 

In other words, A is a special degeneration of ?/ G F if and only if A(a) ■ y specializes to a 
point I/O := A(0) • ?/ in F as a — )■ 0. Next we observe that A G Ay induces a holomorphic 
vector field v\ along the central fiber Xq := Xy^ . Therefore we may consider the Calabi- 
Futaki invariant of (Xq, u}fs\xo,vx) which we denote by Fq(vx). The following definition 
is a special case of a slightly broader notion introduced by Ding and Tian (see [iDT92il ) . 

Definition 2.6. Let X A- F be a flat family of polarized manifolds. Let y E Y. The 
generalized Futaki invariant of Xy is the map 

F:A, -^C, F{vx) ■■=Fo{vx). 

The next corollary (of Theorem 11.21 ) gives conditions which insure that the hyperdis- 
criminant is compatible with limit cycle formation. 
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Corollary 2.1. Let y eY and let A be a special degeneration of Xy . Then 

X{0) ■ A{y) = A{X{0) ■ y) . a 

Theorem A from [Paul 1] and corollary 12.1 l imply the following result, originally due to 
Ding and Tian. The reader should compare this result to the key claim 3.15 on pg. 328 of 
[IDT92II (see also Proposition 6.2 on pg. 24 of [|Tia97ll as well as Theorem B pg. 3 from 

BMni). 

Corollary 2.2. Let X ^ F be a flat family of polarized manifolds. Let denote the 
Mabuchi energy of the fiber {Xy, upslxy)- Let A be a special degeneration of Xy. Then 
there is an asymptotic expansion 

lyuyi^xit)) = Foivx) log + 0(1) , |t| 

where Fq{vx) is Ding and Tian's generalized Futaki invariant. In particular 

i^L^yiVx(t)) = 0(1) as \t\ — > whenever Fo(t;A) = □ . 



3. The general theory of semistable pairs 



A., /i.— dominant integral weights for G = SL{N + 1, C) 
A. = (Ai > A2 > • ■ ■ > Ajv > 0) Ai G Z 



Kx, —irreducible module corresponding to A, 
mx, {/?) := dimE;^, (/?)- multiplicity of /3 in E;^, 

supp{A.) := supp(Ea.) 

A^(A.)- convexhull{s ■ A. | s G W} C Mr 

M{v) - convexhull{/3 G supp{V) | i)^ 7^ 0} C Mr 



■ {v £Y \ t ■ V = I3{t)v for all t G H} A (G)— algebraic one parameter subgroups of G 
(weight space) vp — projection of v into ^ 

/3 G Mz 



G— complex reductive linear algebraic group 
P, B parabolic (Borel) subgroups of G 
Az(B) dominant weights relative to B 

V, W— finite dimensional rational G-modules 

V, w— nonzero vectors in V, W respectively 
[v] G P(V) corresponding line in V 

H,T— maximal algebraic tori in G 

W—Weyl group (relative to B) 

Ml = Mi{H) := character lattice of H 
TVz := Hom(Mz, Z) (dual lattice) 

Mk := Mz (g)z R , ATm := Nj, ®i R 



supp( 



{/3 G Ml I V(/3) 7^ 0} 



: dual space to ^ 



3.1. Equivariant extensions of rational maps. In this section we loosely follow the first 
few paragraphs of [DC87], our primary goal is to formulate, and put into context, our 
notions of semistability (Definitions 13.31 [J4l and 13. 51) . 

To begin, let G be an algebraic group. H < G a Zariski closed (possibly finite) subgroup. 
Let O denote the algebraic homogeneous space G/H. The definition of semistable pair 
arises immediately upon studying equivariant completions of the space O. 

Definition 3.1. An embedding of (9 is a G variety X together with a G-equivariant em- 
bedding i : O — > X such that i{0) is an open dense subset of X. 
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[a] = oH denotes the associated H coset for any a E G. Then an embedding of O has 
a natural basepoint given by o := z([e]) and we have that 



i{0) = G-o, G-o = X . 
Let (Xi, ii) and (X2, ^2) be two embeddings of O. We recall the following well established 



notion. 



Definition 3.2. A morphism ip from (Xi, ii) to (X2, 12) is a G equivariant regular map 
ip : Xi — V X2 such that the diagram 





Xo 



commutes. If a morphism ip exists we write (Xi, ii) ^ (X2, ^2) and we say that (Xi, ii) 
dominates {X2,i2)- 

Remark 3.1. Observe that if a morphism exists it is unique. 

Let (Xi, ii) and (X2, 22) be two embeddings of O such that (Xi, ii) ^ (X2, 22)- Assume 
that these embeddings are both projective (hence complete) with very ample linearizations 



Li G Pic(Xi)^ , L2 G Pic(X2 



\G 



satisfying 

ip*{h2) = Li . 

This is essentially definition 1.2.1 of iAB06L Observe that the induced map of G modules 

ip* : H\X2M) H\Xi,U) 
is injective, hence its dual map 

{^*y ■■ H'{x,Mr ^ H%x2,h2r 

is surjective and gives a rational map on the projectivizations of these spaces. The whole 
set up may be pictured as follows 

Xi^^ P(i70(Xi,Li)V) 




O 




X2^^P(i70(X2,L2)^) 

We isolate some features of this situation. 

(1) There are u., G H^{Xi, Li)^ \ {0} such that Xi = fi{Xi) = {i = 1, 2) 
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(2) (<^*)*(nO = . 

(3) S^^n{G ■ u,) = H\X,My ■ 

(4) The map (v^*)* : — > G-[uq\ extends to a regular map on the Zariski closures 
of these orbits. 

We abstract (l)-(4) as follows. Let G be a complex reductive linear algebraic group. We 
consider pairs (V; v) such that the linear span oiG-v coincides with V. Recall from section 
2 that for any vector space V and any G V \ {0} we let [t>] G P(V) denote the line through 
V. If V is a G module define 0,„ := G ■ [v] C P(V) the projective orbit of [v] . Recall that 
denotes the Zariski closure of this orbit. 

All of the author's work on the standard conjectures revolves around the following def- 
inition. The only reference to the definition in the context of representation theory known 
to the author is [|Smi04l . 

Definition 3.3. (V; v) dominates (W; w), in which case we write (V; v) ^ (W; w) , if and 
only if there exists vr G Hom(y, W)*^ such that 7r(v) = w and the induced rational map 
TT : P(V) P(W) restricts to a regular (finite) map tt : Oy — > between the Zariski 
closures of the orbits. 

The situation may be pictured as follows. 



> P(V) 



o 




O^c ^ p(w) 



Observe that the restriction of the map vr to is regular if and only if the following holds 

(3.1) 0„ n P(ker tt) = . 

The reader should check that whenever (V; v) ^ (W; w) it follows that 

7r(V) = W and V = ker(7r) © W (G-module splitting) . 
Therefore we may identify tt with projection onto W and v decomposes as follows 

V = (f^, w) , ker(7r) 3 v^^ ^ . 
Again the reader can easily check that (13. ip is equivalent to 

(3.2) G ■[{v^,w)]nG ■ [K,0)] = ( Zariski closure in P(ker(7r) © W )) . 

We reformulate (13.21 ) as follows. Given (f G V \ {0} ; w E W \ {0}) we consider the 
projective orbits 

:= G ■ [{v, w)] C P(V © W) , a := G ■ [{v, 0)] C P(V © {0}) 
Definition 3.4. The pair {v,w) is semistable if and only if Oyw H (9„ = . 
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We Stress that semistability and dominance are equivalent 

(V © W; {v, w)) t (W; w) ^O,^ nO, = (!) . 

Example 2. Let V = C, f = 1 (the trivial one dimensional representation). Let W be any 
G module. Then 

(C © W; (1, w)) ^ (W; w) if and only if ^ C W {affine closure) . 

In other words , the pair {l,w) is semistable if and only if w is semistable in the usual 
(Hilbert-Mumford) sense. 

3.2. Toric morphisms and numerical semistability. In this subsection we study the dom- 
inance relation (Xi, ii) ^ (X2, 22) in the special case G = (C*)", an algebraic torus. In this 
situation our new semistability condition admits a description in terms of certain polytopes 
generalizing the numerical criterion of Geometric Invariant Theory (see [|Dol03 1 pg.l37 
Theorem 9.2). To begin the discussion let's denote our torus by H. Let x £ be an H 
character and u E Nz an algebraic one parameter subgroup satisfying < x, m >= 1 . 

1 > T := Ker{x)^ > H C* > 1 

Let £if,^C Ml be (nonempty) finite subsets satisfying a{u{a)) = 1, h{u{a)) = 1 for all 
a e ^ and b e ^ and all a G C* . Define 

j^+:={x}l^{a + x\ae£/} , M+:={x}l^{b + x\be^} . 

There are two naturally associated H representations C'^+ and C'^+ given by 

C'^+ = span{e^ , e^+a | a G ^} , C'^+ = spanjf^^ , f^+fe \ be^} 

h ■ (c^ex + Yl Cae^+a) = x{h){c^e^ + J] a{h)cae^+a) 

We define T equivariant maps into projective spaces in the usual manner: 

: T ^ Pl^l := P(C^+) , ^At) ■= [^x + Yl ^W^x+a] 
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Let TT e Hom{C'^+, C^+)^ be such that 7r{v) — w. Observe that these requirements force 
that the following conditions are met 

^ (Z a/ and ker(7r) = < ^ CaC^+a | Ca G C > . 



Then we have exactly the same set up as before 




Recall from our previous discussion that the map tt extends to \ (p^{T) if and only 
if (X^ \ ipaf(T)) n P(ker(7r)) = 0. To test for this latter condition we study 

A"(0) ■ [v] = <^^(A"(0)) for all u e Nz , 

where A" is the one parameter subgroup corresponding to u. 

X^{t) ■v= ^^"'"^^x+a + (ex + E ^^''''^^x+b) . 

It follows at once that <^^(A"(0)) G P(ker(7r)) if and only if 

min {u,a) < min{0, min(M, 6)} . 



Therefore a necessary condition that tt extend to the closure of the torus orbit is the follow- 
ing 

min{0, min(ti, b)} < min {u, a) for all u G ■ (*) 



Observe that (*) is equivalent to the following polyhedral containment 

conv(^/ \ ^) C conv({0} U ^) . 
In fact, this necessary condition is also sufficient. 

Proposition 3.1. The map tt extends to X^^ if and only if conv{^\M) C conv({0}U=^). 

The proposition is a consequence of the following lemma . 
Lemma 3.1. Let [y] G X^ \ ip^{T). Then there exists au e Nz such that 

(/p^(A"(0)) = [y] . 

The purpose of this discussion is to motivate the following definition. 

Definition 3.5. Let V, W be G-modules. The pair (v G V \ {0} , w G W \ {0}) is 
numerically semistable if and only if M{v) C N{w) for all maximal algebraic tori H <G. 

Proposition 3.2. Semistability implies numerical semistability .• 

n = ^ N'{v) C N'{w) for all maximal algebraic tori < C . 
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We have formulated stability in terms of arbitrary finite dimensional G = SL{N+1, C)- 
modules V and W. In this paragraph we assume that the modules are not only both irre- 
ducible but satisfy a further condition which we will now consider. The reader should check 
that this condition is satisfied by the modules that appear in the applications of stability to 
the Mabuchi enegy. To begin let A, be a partition consisting of N parts 

(3.3) A. = (Ai > A2 > • ■ ■ > Aat > Xn+1 = 0) . 

Let Ea. denote the corresponding irreducible representation of G with highest weight A, 
(with respect to a choice of Borel B) . Let W denote the Weyl group of G with respect to 
B, it is well known the weight polytope of E^. is given by 

(3.4) Ar(A.) = convexhuU {W ■ X,} , 

where W ■ A, denotes the orbit of the highest weight under the action of the Weyl group. 
Given two partitions A, and /x, recall that /i. dominates A, (written A, < /i, ) if and only if 

for all 1 < z < we have 

i i 

(3.5) Afc < y^/Xfc • 

fc=l k=l 

Consider two irreducible G modules V = E^. and W = E^. . Let {v,w) be a pair of 
non-zero vectors in these modules. We have the following proposition. 

Proposition 3.3. If {v, w) is semistable then A, < /i, . 

Proof. The proposition follows at once from the fact that 

(3.6) A, < /i. if and only ifM{\,) C A/'(/i.) . 

□ 

Dominance is not sufficient to guarantee that the locus of semistable pairs is non-empty. 

Example 3. Let Ve and be irreducible SL(2, C) modules with highest weights e,d gN. 
These are well known to be spaces of homogeneous polynomials in two variables. Let / 
and g be two such polynomials in Ve \ {0} and \ {0} respectively. Then the pair (/, g) 
is numerically semistable if and only if 

d - e 

(3.7) e < and for all p G ordp(^) - ordp(/) < . 

This can be proved by factoring the polynomials. In particular when e = and / = 1 we 
see that {l,g) is numerically semistable if and only if 

(3.8) ordp(c/) < ^forallpGP^ 

Assume that e = d — 1 and (/, g) is numerically semistable. Then by (13.71 ) we get 

(3.9) ordp(^) < ordp(/) for all p G P^ . 

Let {pi,P2, ■ ■ ■ ,Pd} be the zeros of g on P^ counted with multiplicity. Then by (13.91 ) we 
have 

(3.10) d= J2 ordp,(^7) < Yl < ^ " 1 • 

l<i<d l<i<d 
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Therefore there is no numerically semistable pair in V^.i © Yd- When d = e the pair (/, ^f) 
is numerically semistable if and only if 

(3.11) Cf = Cg. 

Inspired by the magisterial work of Sato and Kimura (see HKimOSII and references therein) 
we pose the following problem. 

Problem 1. Let G be a reductive algebraic group. Classify all (G, V, W) with empty 
semistable locus . 

A reasonable conjecture to make is that semistability and numerical semistability are 
equivalent. 

Conjecture 3.1. The pair {v, w) is numerically semistable if and only if O^^ fl (9^, = . 

The point of the conjecture, as the reader has surely seen, is that we would like to actually 
check whether or not a given (t>, w) is semistable, that is, we would like to know if the 
Zariski closures of the orbits Oy^ and Oy are disjoint. The conjecture, if true, converts this 
problem into a "polyhedral-combinatorial" problem which may be easier to solve. 

Remark 3.2. When V is the trivial one dimensional representation and v = 1 the conjecture 
reduces to the well known Hilbert-Mumford criterion in Geometric Invariant Theory. In 
particular the conjecture is true in this case. 

Conjecture 13. II is closely related to the following condition. Property (P), which may 
or may not hold for a complex linear algebraic group G. Observe that this property is the 
projective version of Property (A) from [lBir711 . The reader should also consult Theorem 
1.4 of llKem78H . 

Once more we fix notation. Let W be a finite dimensional rational complex representa- 
tion of G. Let w eW \ {0}. Then denotes the projective orbit: 

(3.12) := G- H C P(W) . 

Property (P) . If p : G — > GL{W) is a finite dimensional complex rational representation 
ofG, and if 3f is a non-empty G invariant closed subvariety ofO^ \ , then there exists 
an element zq of ^ and an algebraic one-parameter subgroup X : C* — )■ G such that 

(3.13) lim A(a) ■ [w] = Zq . 

a — ^0 

If Property (P) holds for reductive groups then Conjecture 13. II follows at once. 

Remark 3.3. Observe that when G = T an algebraic torus. Property (P) holds by Lemma 

m 

Remark 3.4. Property (P) does not require that every boundary point z is "accessible" but 
that some point on ^ can be reached by a one-parameter subgroup. 

In Lieu of Property (P) we have the following useful result. 

Proposition 3.4. (See Mumford I1MFK94II ) Let G be a complex algebraic group. Let V be 
a finite dimensional complex rational representation of G. Let f G V \ {0}. Then for any 
z satisfying 

(3.14) z e \ a c P(V) 
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there exists a C((t)) valued point 7(t) of G such that 

(3.15) \\m^-i{t) ■ [v] = z . 

If G is reductive then there exists a one parameter subgroup \{t) and two C[[t]] valued 
points /(t), cr(t) of G such that 

(3.16) 7(t) = /(t)A(t)(T(t) . 

Remark 3.5. For our purpose we only need G = SL{N + 1,C). In which case the 
decomposition (13.161) follows from elementary row and column operations over C[[t]] . 

Next we provide a simple example of an inaccessible boundary point of an orbit O. 

Example 4. Let G = SL{2,C)- Let > 2 G Z. Let W := C © Sym"'+^(C2). G acts 
trivially on C and by the standard action on the second summand. Consider the orbit: 

(3.17) C := G- [(l,ef-e2)] CP(W) . 



Define 

a{t) 

Then 



t t-'^ 

t-i 



(3.18) ^Um a(t) ■ [(1, e? ■ e^)] = [(1, ef^')] G O . 
However, the stabilizer of this point is 

(3.19) {(^^ ICeZd+i, zeC}. 

This group contains no one parameter subgroup. Therefore this point cannot be reached 
from (9 by a one parameter subgroup of G. 

3.3. A Kempf-Ness type functional. In this section we study semistability in terms of a 
Kempf-Ness type functional. In fact it is from this point of view that the author arrived at 
the definition of semistability. As always (V, v) and (W, w) are finite dimensional complex 
rational representations of G together with a pair of nonzero vectors. We equip V and W 
with Hermitian norms . We are interested in the function on G which we call the energy of 
the pair {v, w) : 

(3.20) G 3 a — y i^v,w{<^) '■= log 1 1*^ ■ "^1 P ~ log I Ic" ' "^1 T • 
Then we have the following fact. 

Proposition 3.5. is bounded from below on G if and only if {v,w) is semistable. 

The proposition is a consequence of the following observation. 
Lemma 3.2. 



a) = log tan dg{a ■ [{v,w)],a- [{v,0)]) , 



where dg denotes the distance in the Fubini-Study metric on P(V © W) . 
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Proof. Let u,v E Y and let (■, ■) be any Hermitian inner product on V with associated 
Fubini-Study metric g on P(V). Recall the distance formula 

COS dg{[u\, [v\) - 



1 1 |f 1 1 

With the orthogonal direct sum Hermitian form on V © W we have for any a G G 

\{a.[{v,w)],a-[{v,0)])\ 



cosdg{a ■ [{v,w)],a- [{v,0)]) 



a ■ v\\^ + \ \a ■ w\r\\a ■ v\ 



cr ■ v\ 



(T ■ f I P + I lo" ■ w| P 



Since 

sec^ dg{a ■ [{v, w)],a ■ [{v, 0)]) = 1 + tan^ dg{a ■ [(f , w)],a ■ [(f , 0)]) , 
we may conclude that 

\\(T If I P 

tan^ dg{a ■ [{v, w)],a- [{v, 0)]) = . 

Now take the log of both sides. □ 
Observe that for any a, r G G we have the inequality 

(3.21) dg{a ■ [{v, w)],a- [{v, 0)]) < dg{a ■ [{v, w)],t- [{v, 0)]) . 

As a corollary of (|3.211 ) and lemma 1X2] we have the much more refined version of Proposi- 
tion [331 

Corollary 3.1. The infimum of the energy of the pair (v, w) is as follows 

(3.22) inf Uyuj{cr) = logtan^ dg{0^^, O^) . 

Our whole approach to the standard conjectures in Kahler Geometry is based on this 
identity. 

Corollary 13. H and Proposition 13.41 imply the following result. 
Proposition 3.6. Assume that 

(3.23) inf Uvwio-) = —oo . 

Then there exists a positive number S, a holomorphic mapping a : Dg — > G, and an 
algebraic one parameter subgroup A of G such that 

(3.24) lim I'vwilici)) = — oo 7(«) := A(a) ■ a{a) 

a — ¥0 

Ds denotes the 5 disk in C. 
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3.4. The Classical Futaki Character. Given the relationship between the Mabuchi en- 
ergy and the semistability of pairs, we expect to be able to capture the classical Futaki 
invariant (see HFutSSID in terms of representation theory and polyhedral geometry. The pur- 
pose of this section is to show that this is indeed the case. As in the preceding sections G 
denotes a reductive complex linear algebraic group. V, W are finite dimensional complex 
rational representations of G. Let v eN\ {0} and w G W \ {0} . As usual [v] denotes the 
corresponding point in the projective space P(V) and Gj^j denotes the stabilizer of the line 
through V. Therefore there is a character 

Xv ■■ G[^] — ^ C* , a-v = ■ V . 

Definition 3.6. Let G V \ {0} and w G W \ {0} . Then the automorphism group of the 

pair [v, w) is the algebraic subgroup of G given by 

Aut{v,w) := G[y] n G[w] ■ 

Let out(f , w) denote the Lie algebra of Aut{v, w) . 

Definition 3.7. Let V, W be finite dimensional complex rational representations of G. Let 
v,w he two nonzero vectors in V, W respectively. Then the Futaki character of the pair 
{v,w) is the algebraic homomorphism 

(3.25) F := XwXv^ ■ Aut{v, w) ^ C* 

induced by the one dimensional representation Cw ® (Cf )^ . We set to be the corre- 
sponding Lie algebra character 

F* := dxw - dxv '■ aut{v, w) — > C 
where dxv denotes the differential of Xv at the identity. 

Remark 3.6. At this point the order is not important. That is, we could equally well 

consider Xw^Xv ■ 

Let T e G and a G G[y] fl G[-a,], then the diagram below is commutative. 

Cw ® {Cvy Cr ■ w ® (Cr ■ vy 

Cw ® {Cvy Ct-w^{Ct- vy 

This shows that the Futaki character only depends on the orbit of the pair {v,w) . 
We can decompose the identity component of Aut{v, w) 

Aut°{v,w) = SyiU , 

S is reductive and U is unipotent . Then we have that 

F is completely determined on S. 

Let T < 5" be any maximal algebraic torus in S. Then we have that 



F is completely determined on T. 
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Let Mz(T) denote the character group of T. Then F E Mi{T). Let 
Nz{T) := Hom{Mz{T), Z) denote the dual lattice. It is well known that 

Ni(T) = algebraic one parameter subgroups A of T . 

Finally we have that 

F is completely determined on Ni{T). 

F : Nz{T) Z , F(A) =< x^n, X > - < Xv, X > ■ 

In many cases one has that Aut(v, w) is trivial. In such a situation we introduce a general- 
ization of F. In what follows H denotes a maximal algebraic torus of G. 

Definition 3.8. Let V be a rational representation of G. Let A be any degeneration in H . 
The weight wx{v) of A on f G V \ {0} is the integer 

wx{v) := min|^g^(„)} lx{x) = min{< A > |x G supp(t;)} . 

Alternatively, wx{v) is the unique integer such that 

lim t~'^^^^^ \(t)v exists in V and is not zero. 

\t\^o 

Let A(G') denote the space of algebraic one parameter subgroups of G. 
Definition 3.9. The generalized Futaki character of the pair [v, w) is the map 

Fgen : A(G) — >Z, Fgen{\) ■■= wxiw) - wxiv) . 

Proposition 3.7. Fge„(A) < for all A G A(G) if and only if {v,w) is numerically 
semistable. 

The energy of the pair (t>, w) and the generalized character Fg^n are related as follows 
(see also llPaullll (2.30) pg. 269 ) . 

Proposition 3.8. Let A G A(G) . Then there is an asymptotic expansion as \t\ — > 

U^UKt)) = FgeniX) log|t|' + 0(l) . 

In particular for a G Aut{v, w) we have 

i^^^(cr) = log - log \Xvi(T)\'^ ■ 

We study the relationship between the generalized and classical Futaki invariants. We 
have, as in the previous section, the Levi decomposition of Aut{v, w)° 

(3.26) Aut{v,wy = S , 

S is reductive and U is the unipotent radical of Aut{v, w)°. Let T < be any maximal 
algebraic torus (possibly trivial). Since S < G there is a maximal algebraic torus H mG 
containing T. Fix any such H. Then we have the short exact sequence of lattices 

^ 4 M^{H) ^ M^{T) ^ . 

Recall that a G Aut(v, w) acts on w (resp. v) via a character Xw (resp. Xv ) • We have 
the following. 



CM STABILITY 25 

Proposition 3.9. All the characters in the H support of w (or v) coincide upon restriction 
toT 

X e supp{w) Tirix) = Xw 

r] e supp{v) 7iT{r]) = Xv ■ 
Consequently, the difference of any two characters in supp(w) (or supp(v)) lies in Lz ■ 

Extending scalars to M gives the sequence 

Lm 4 M^{H) ^ M^iT) . 

Then J\f{w) and J\f{v) both lay in afflne subspaces of modeled on Lk . Now we 
suppose that 

(3.27) M{v) C M{w) . 
Since tit is linear we have that 

(3.28) {x.} = t^t{M{v)) C t,t{M{w)) = {xu,} ■ 
We conclude 

(3.29) Xw = Xv ■ 

We summarize the relationship between the character of the pair and numerical semista- 
bility. 

Proposition 3.10. 

a) Af{v) and A/'(w) both lie in parallel affine subspaces of M]^{H) modeled on Ljr . 
Precisely, for any choice of x G supp(i;) and i] E supp(w) we have 
Af{v) cA^:=x + Lk and Af{w) C := r] + . 



b) F^: = if and only if A^, = . 

c) ^ if and only if A^ n A^ = . 



d) = whenever the pair (t>, w) is numerically semistable . 

Let X — > be a smooth subvariety of satisfying our usual hypotheses. Observe 
that 

(3.30) Aut{X,0{l)\x) = Aut{R{X),A{X)) . 

The present discussion is justified by the following result concerning the usual Calabi- 
Futaki invariant of X (see (|2.7I) ). 

Theorem 3.1. Let v G aut(X, 0{l)\x) be a holomorphic vector field. Let denote the 
Lie algebra character of (i?, A). Then the following identity holds 

(3.31) / v{K)uj'' = F,{v) . 

Jx 
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Proof. The proof follows at once from Theorem A and Proposition 13.81 . □ 
Corollary 3.2. The map 

(3.32) V e aut(X,C(l)|x) ^ / v{h^)uj"' E C 

Jx 

is a Lie algebra character and is independent of the choice of Kahler metric in the class [to]. 

3.5. Highest weight polytopes. Let E be a finite dimensional complex G-module. Let 
Y C P(E) an irreducible G invariant subvariety. Then H^{Y, 0{m)) is a G module for all 
m e N . Let B < Ghe a Borel subgroup, and let T < i? denote a maximal algebraic torus 
of B. Recall that there is a unique element wq of the Weyl group satisfying 

-Wo : Az(5) Az{B) . 

We define the space of (dual) ^-characters as follows 

i7°(r,C(m))(^) : = 

{-Wo ■ X e Mz{T) I there exists / G H°{Y, 0{m)) such that b- f = x{b)f for all b e B} . 
Following Brion llBri87l we define the highest weight set of Y as follows 

(3.33) ^(Y) := I J -H\Y, 0(m))(^) C Mq(T) . 

mGN 

Obviously we have that 

^(Y) C Aq{B) , the set of i?-dominant rational weights . 

Theorem 3.2. (Mumford [INes84ll , Brion [lBn87l ) ^{Y) := ¥(Y) C Ar{B) is a compact 
convex rational polytope. 

The next result follows at once from Propo sition 13 . 2 1 and work of Franz (see [|Fra021 ) and 
also Guillemin and Sjamaar (see [IGS06II ) . 

Proposition 3.11. Let V and W be finite dimensional complex rational G-modules. Let v 
and w denote nonzero vectors in V and W respectively. If the pair {v,w) is semistable then 
their highest weight polytopes coincide 

3.6. Quasi-closed orbits and semistable pairs. This subsection is devoted to the exami- 
nation of some simple examples of semistable pairs. Some of these examples are available 
in the literature but our point of view seems to be new. 

Let E be a finite dimensional reducible representation of G. Let u E E \ {0}. Let 
O C P(E) denote the projective orbit G ■ [u]. We always assume that the linear span of 
O coincides with P(E) . Fix a Borel subgroup B < G and a maximal algebraic torus 
T < B. Let denote the dominant integral weights relative to B. It is well known that 
(9 is a union of orbits at least one of which is closed and each closed orbit corresponds to 
an irreducible G submodule E^. of E. We assume that O consists of finitely many orbits. 
Let A+((9) denote the dominant weights corresponding to the closed orbits in O. Then we 
have the decomposition 

o = ou [j G-K.]uOiU---uOfc. 

Ai.eA+(Ci) 
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w^, is the corresponding highest weight vector . Now we decompose E according to the 
orbit O 

E= E^. ©V. 
M.eA+(o) 

We assume that V 7^ . Let -kq and ttv denote the projections onto 0^.gA+(c)) E^. and V 
respectively. Then we may decompose u as follows 

Then {v,w) is semistable if and only if for every 1 < i < k there exists a fx, G A+((9) 
such that 7r^.(xj) 7^ where Oi = G ■ [xi] and vr^j. is the projection onto E^.. 
The simplest case is when O consists of two orbits (one of which is closed) 

= OuG-[wJ. 

In this case it is automatic that the pair (tty^u), noiu)) is semistable. Therefore the class 
of two orbit varieties (or, more generally, quasi-closed orbits) provides many interesting 
examples of semistable pairs. Such varieties seem to have been classified by Stephanie 
Cupit-Foutou (see [ICF03II ) and Alexander Smimov (see [lSmi04in . 

Example 5. Let G = SL(2, C) and consider the G module 

E = C^^C^ = det(C2) © ^^(C^) 
Let M = ei ® 62. The orbit closure is the well known quadric surface in 



2^ 



O = G • [n] = X ^ p3 = P(C2 © C 

This is a two orbit variety with (unique) closed orbit G ■ [el] = G ■ [e^] . We may decompose 
u as follows 

M = ei A 62 + ei ■ 62 . 

V corresponds to the trivial one dimensional representation with 71y{u) = ei A 62 = 1. 
fi, = (2,0) and 7To{u) = Ci ■ 62- So we deduce that the pair (l,ei ■ 62) is semistable. 
Example [2] says that this is equivalent to the (classical) semistability of ei ■ 62 under the 
action of G . 

Example 6. Let ^jj -.F^ xF^ — > ¥{a'^C^) be the rational map [w]) := [v A w]. 

denotes the graph of 

:= {([v], [w], [v A w]) I H ^ H} C P2 X P2 X FiA^C"") . 

Recall that the blow up of P^ x P^ along the diagonal A is the Zariski closure of F^ inside 
p2 X p2 X P(a2C3) . We will denote the blow up by 5a (P^ x P^) and let E ^ F{T^f) 
denote the exceptional divisor. The situation can be pictured as follows 

C 5a (P2 X p2)^^ P2 X P2 X P(a2C3) P(E310 © © ^^(A^C^) © C^) 



P12 



P3 



p2 X p2 " ^ F{A^C^) 
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Then we claim that B = Sa(P^ x P^) is a two-orbit G = SL(3, C) variety (for the natural 
G action) with orbit decomposition 

(3.34) B ^ (B\E)UE . 

Where {B \ E) is necessarily the open orbit. There is a G equivariant identification 

Since G acts transitively on planes in we easily get that P^ x P^ \ A is an orbit: 

G-([ei],h]) = P^xp2\A. 

To see that £^ is a homogeneous G variety we can proceed as follows. We have the decom- 
position into irreducible summands 

A^C^ = E310 © © ^^^A^C^') © . 

The summand E310 appears as follows 

— > E310 = Ker(7r) S^{C^) ® A^{C^) 4 ^ , 

where the map tt is defined by 

t:{v ■ w ® a) — a{v)w + a{w)v . 

Note that 

e\ <S> (ei A 62) e Ker(7r) . 

Since ef (8) (ei A 62) is a highest weight (310) vector we see that E310 is a summand of 
Ker(7r). Since these spaces have the same dimension (which is 15 by the Weyl dimension 
formula) they coincide. Next we observe that 

( [ei + te2] , [ei] , [ei A 62] ) e r^, for all t e C* . 

As t — > we have 

([ei + te2], [ei], [ei A 62]) — > ([ei], [ei], [d A 62]) G E . 

Let ^ : P2 X P2 X P(a2C3) — > P(E3io © © -^^(A^C^) © C^) denote the Segre map. 
Then we have that 

Si[ei], [ei], [ei A 62]) = [ej (ei A 62)] . 

Therefore 

S(E) = G • [e? ® (ei A 62)] . 
Since S is an embedding £■ is a closed orbit with stabilizer 

^* * *\ 

* * 
\0 *J 

therefore we identify E with F(l, 2, C^) the space of complete flags in C^. The projection 

F(1,2,C^) ^P2 
exhibits F(l, 2, C^) as a projective bundle with fiber 

Pi\[v]) = F{C^/Cv) . 
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Therefore if Q denotes the quotient bundle over then we have the G equivariant identi- 
fications 

2, C^) ^¥{Q) = P(C>(1) ®Q)= P(rp?) 

as expected. S maps the point [{e® f ® {e /\ /)] in X \ E to 

e ■ / ® (e A /) + (e A /)2 e E310 © ^'(A^C^) ^ E310 © E220 • 

We conclude that the pair 

(w, w) := ((ei A 62)^ , ei ■ 62 © (ci A 62)) G E220 © E310 

is semistable. E220 plays the role of V and E310 plays the role of W. 

3.6.1. Parabolic Induction. Let G be a complex semisimple Lie group with Lie algebra 
g. Fix b a Borel subalgebra and t C b a Cartan subalgebra. Let A, A+, S C A+ denote the 
set of roots, positive roots, and simple positive roots respectively. Let k denote the Killing 
form. W denotes the Weyl group. 

Let E be a finite dimensional complex rational representation of G. Let v E 91(E) be a 
(nonzero) point in the null cone[^ of E. Let C„ denote the orbit of v in E. Given any compact 
convex region R (for example a convex lattice polytope) in Mjr we define its height ht{R) 
by 

ht{R) := min | \x\\k ■ 



\x\ 



= a/ k{x, x) is the Killing distance from x to zero . For any w G E we define the 
height of w to be the height of J\f{w), the weight polytope of w with respect to t. 

Definition 3.10. (Popov -Vinberg [|Sha94| ) v G 9T(E) is a highest poin^n its orbit 
provided that the following holds 

1) ht{v) = msixht{a ■ v) 



2) dimA^('y) = min dimA/'fa ■ v) . 

{(tGG I ht{a-v)=ht{v)} 

We assume that v is a highest point in Since v is unstable its height is positive. Let 

X = Xmin(^^) 

be the (unique) point in M{v) at minimal distance to O. In other words x realizes the height 
of V. Observe that x is a rational point of J\f(v). Next we consider the dual element 



\X\ 



Through the action of W we can arrange that 

/; G t+ 

in other words that a{hy) > for all a E S. Let T denote any subset of Mr. We set 

E|r := E(/3) . 
13 em supp{K) 



^ Recall that the null cone consists of the unstable points for the action. 
^Popov and Vinberg call such an element reduced. See |Sha94|| pg. 202. 
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We give a similar meaning to f |r. Next we introduce some canonical subalgebras associ- 
ated to V. 

p(hy):=t® ^ Qa (parabolic) 

A>o:={aeA I a{K)>0} 



l{hy):=t® ^ Qa (reductive) 

A=o:={aeA I a(hy)=0} 

u{hy) := Qa (nilpotent) . 

A>o;={aeA I a{K)>0} 

Let P{hy), L(hy) and R^P{h^) denote the corresponding closed algebraic subgroups of G. 
Then P{hy) has the Levi decomposition 

P{K) ^ L{K)R^P{K) . 

We set C* := {exp(r/it,) |r G C}. By definition we have that 

c: < L{K) . 

We define the reduced Levi subgroup L(/i„) to be the quotient L{hy)\Cl . Since is a 
semisimple element we may define the eigenspace decompositions 

^(?) '■= {w E K \ hy ■ w = qw} 
E(> 0) := E(g) . 

Let r,, denote the affine hyperplane in Mjg = with equation {(3{hy) = 2}. Observe that 
X lies in and J\f(v) lies on one side of r^,. Observe that L(f ) preserves ]E|r„ . 
Now we make the assumptions that 

J\f{v) C and K^Piv) acts trivially on E|r„ . 

We define 

0r„ := Mv) ■ [v] C P(E|rJ . 

The following construction of a parabolically induced orbit plays a basic role in the 
study of nilpotent orbits in complex semisimple Lie algebras. 

/nci^(OrJ:=GxpOr„ 
Theorem 3.3. (Popov-Vinberg [|Sha94|| pg. 203 corollary 2.) The canonical map 



Ind'fiOrJ^G-lv] 

is birational. 
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Corollary 3.3. The number of orbits in G ■ [v] does not exceed the number of orbits in 

Suppose that E is reducible and coincides with the linear span of O^. Then we may 
conclude that G ■ [v] consists of two orbits whenever Ind p(Cr J consists of two orbits. 

In the next example we require a criterion insuring that a given rational semisimple 
element is a characteristic for a f G DT(E). Popov and Vinberg attribute the following 
result to L. Ness and F. Kirwan (independently). 

Theorem 3.4. (see [|Sha94ll Theorem 5.4 pg. 202) Let v e m{E). Let h e {q be such that 

V G ©^eA(h,)>oE(/3) . 

Then v is highest in its orbit with characteristic h if and only if v\r^ E E|r,j is semistable 
for the action of L(/i). 

Example 7. Let G = SL{3, C) and H = exp(t © CE23 © CEi^) where t denotes the 
Cartan subalgebra of G and Eij denote the standard root vectors with respect to ad(t) . Let 
Q denote the Lie algebra of G. We define 

Xnii := {{[A], [e]) G P(0) X p2 I A is nilpotent , A ■ ^ = 0} . 

There is an obvious exact sequence of G modules 

ker(<l>) ^ g ® A ^ <^{A ® ■= A ■ C ■ 
In which case we have the G decomposition 

g ® ^ ker($) © . 

Observe that E13 © ei lies in ker($) and has dominant weight 3Li + L2 = (310) = 
/i, with respect to t. Moreover .^(310) := -^13 © ei is killed by all of the positive root 
vectors E12, E13, i?23 hence generates an irreducible subrepresentation E(3io) C ker($) of 
dimension 15 (by the Weyl dimension formula applied to the weight fi, ) . Similarly it is 
easy to check that ^(220) '■= -^23 © Ci — E13 © 62 G ker($) is also a highest weight vector 
with weight 2(Li + L2) = (220) = A, . This generates an irreducible subrepresentation 
IE(22o) — Sym? (A^C^) of dimension 6. Therefore we have the decompositon ker($) = 
E(22o) ffi E(3io) and hence the embedding 

-^P(E(220) ©E(3io)) . 

Choose the basepoint o := [E23 © ei]. Then we have an embedding of the homogeneous 
space G/H 

G/H ^G-odXnii. 

In fact we can say more, namely that G ■ o = Xnu- We will show that Xnu consists of two 
orbits for the G action. A closed orbit is easily located. Observe that 

E23 © ei = -(^(220) + E21 ■ ^(310)) • 

Let cr := exp(i?i2). Then it is easy to see that 

o := cr ■ {E23 © ei) = ^(^23 © ei + 2^(310)) . 
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Consider the one parameter subgroup 

't-' 0^ 

X{t) := I to 

1, 



We have 



A(t)-o = i(^23®ei + 2^-2^(310)) 



therefore X{t) ■ o — > [C(3io)] as t — > 0. Consequently if G ■ o consists of two orbits then 
we must have 



G-o^G-oUG-[Cis,o)]. 
In the orbit decomposition of E we have V = E(22o)> and a~^o decomposes as follows 

u := a~'^o = E23 ® ei = (^(220) , £"21 • C(3io)) • 

Therefore the pair ({(220) : -^21 • C(3io)) is semistable with respect to G. In order to show 
that G • o consists of exactly two G orbits we observe that the orbit 

G ■ [E23 ® ei] 

is Hilbert-Mumford unstable and we realize this orbit as a parabolically induced one. Ob- 
viously A/'(£^23 ® ei) = {(220)} . Therefore we can easily see that 



Xmin = (220) , /i = i I 1 



1 
1 
-2, 



r„ = {aLi + 6L2|(^)=2} 



r„ n supp(E) = {3Li + L2, 2Li + 2L2, Li + 3L2} 



(310) (220) (130) 

^|r„ = C^(310) ® CE21 ■ ^(310) ® C^(220) ® C£'2i • C(310) 

A>o = A+ U {L2 - Li} , A=o = {±{Li - L2)} , A>o = {Li - L3, L2 - L3} . 
The canonical subalgebras have the shape (see figure 2): 

(* * *\ /* * o\ /o *\ 

* * * 1 l{h) = * * , u{h) = * . 
00*/ \0 0*/ \0 00/ 

L(u) is easily seen to be isomorphic to GL(2, C) and that u{h) acts trivially on E|r. 

L{u) = S{GL{2, C) X C*) := {{g, a) G GL{2, C) x C* | det(^)a = 1} ^ GL{2, C) . 
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So E|r is a four dimensional representation of L{u). Next we observe that ^(220) is L{u) 
semiinvariant 

cr ■ ^(220) = det(5()^^(220) for a = {g, a) E L{u) . 
From this we deduce that 

E|r = Sym\A^C^) © Sym\C^) ® A^C^ as GL{2, C) modules . 
Moreover the basepoint u is identified with (ei A 62, ei -62) . Finally we have that 

L{u)■[u] = SL{2X)■[{e^Ae2,e^■e2)]. 

This is the case studied in example[5]and we may induce. Observe that the present example 
coincides with example [6] 

X^u = 5L(3,C)-[(e,/)] = 5a(P' x P^) ^ P(E22o © E310) • 




Figure 2. Parabolic induction scheme and polyhedra associated to the modules E310 and E220 ■ 

Example 8 {Classical discriminant and Resultants). Consider two polynomials P and Q 
in one variable of degrees m and n respectively 

P{z) = amz"" + am-iz"^'^ H Vaiz + ao 



Q{z) = bnZ" + fen-l^"" +--- + hz + bo 
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Recall that the classical resultant of P and Q is the (quasi)homogeneous polynomial of the 
coefficients (ao, . . . , am] ho, ... , bn) defined by 

ftGzer(Q) 

When m = n = d > 2 we denote the resultant by Rd. Then 

Rd G C2d[M2x(d+l)] • 

G = SL{d + 1, C) acts on R^ by the rule 

(J ■ := ■ a) a e G , A e M2x(d+i) ■ 

The discriminant , , of a polynomial P of degree is defined by 

dP 

Ad(ao, . . . , Od) := Rd4-i{P, 

G C2d_2[A/lx(d+l)] • 

The action of G is given by 

a ■ Ad{a) = Ad{a ■ a) . 
It follows from work of Gelfand, Kapranov, and Zelevinsky ([|GKZ90|]) that the pair 

is numerically semistable with respect to the standard torus, i.e. the torus corresponding to 
the d fold Veronese embedding of . 

Definition 3.11. f llGKZ90 ll) Let > 2 G N. Let [0, d] := {0, 1,2...., d}. Given any subset 
S C [1, d — 1] the vertex map 

V = V{S) : [0, d] — ^ N 

is given as follows. 

Case 1. 5 = 0. Set \/(0) = V{d) := d , V{i) := OforalH G [l,d-l]. 

Case 2. S* 7^ 0. Say S = {1 < ii < ■ ■ ■ < ik < d - 1}. Set io := and i^+i := d. 
In this case V is determined by the following rule. 

V{io) := ii , V{ik+i) := d - 

V{i) := for alH ^ 5 U {0, d} , V{ij) := ij+i - ij-i . 
Theorem 3.5. f UGKZQOP ) The vertices of the Chow polytope are given by 

{{V{0),V{l),...,V{d))\Sc[l,d-l]}. 
The vertices of the discriminant polytope are given by 

{t; — (1, 0, . . . , 0, 1) 1 is a vertex of the Chow polytope} . 

Corollary 3.4. 

deg{Ad)Ar{Rd) C deg{RdWi^d) • 
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The proof follows at once from the identity 

{2d-2){vo,...,Vd)^ (^) 2c?(^^o-l'---'^<^-l)+ (^) '2d{d-l,0,...,d-l) . 

3.7. Parametrized Theory. Now we study the dependence of semistability upon alge- 
braic parameters. To begin let F be a complex algebraic G-variety. Let V and W be finite 
dimensional complex rational G-modules. Given two regular G maps 

v:Y — > P(V) 

(3.35) 

w.Y — > P(W) 

we define the {v, i(;)-semistable and numerically semistable loci in Y in the obvious way 

Y''{v ,w):^{yeY\ 0,^y)^^y) n = 0} 



,w):^{yeY\ U{v{y)) C M{w{y)) for all < G } . 

Remark 3.7. The disjointedness of the orbit closures is independent of the lifts of v{y) 
and w{y) to V, W respectively. 

Recall that an invertible sheaf ^ on a variety X is globally generated or base point free 
if and only if there exists a finite dimensional subspace 

such that for every p e X there is an s G such that 7^ . We recall that in this 
situation there is an associated map 

satisfying 

r^yO{i) - ^ . 

Given ^ G Pic^{Y) observe that G acts naturally on T{Y , When is globally 
generated the finite dimensional subspace of r(F , =Sf ) may be chosen to be G invariant. 
In this case the associated map is G-equivariant. 

Next we consider pairs ^ of globally generated G-linearized invertible sheaves on 
Y together with their associated G maps 

, 0^,w : Y P(V) , P(W) . 

Finally we can define the ^) (numerically) semistable loci in Y. 

Definition 3.12. Let F be a G variety. Let e Pic(F)^ be globally generated. Then 

the (numerically)semistable loci with respect to the pair (=Sf , ^) are given by 

Y'^'^^, J{) := Y"-'^{d^y , 0,^,w) . 
For the convenience of the reader we recall the definition of a constructible algebraic set. 
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Definition 3.13. Let W be an algebraic variety. A subset S C W is constructible if and 
only if S* is a finite union of locally closed subsets of W . That is, there exits a finite 
collection Wj, Zj {1 < j < m) of subvarieties of W such that 

s= U w,\z,. 

l<j<m 

The main result in this section is the following. 
Proposition 3.12. F"'*'^(t>, w) is a constructible subset of Y. 

Proof. For simplicity we assume that V = E^. and W = E^. are irreducible G modules. 
Fix T < G a. maximal algebraic torus. Given (3 E supp(;U,) let E^. denote the cor- 
responding weight space. We will consider this as a trivial G-bundle over Y (with trivial 
action) 

E„{/3)xY^Y. 
Let T : G X Y — > Y denote the action. We consider the G bundle 

^«,®E^.(/3) . 

For any vector space V we denote the value at [v] of the tautological section l of 

Cp(v)(l) ® V 

by V. 

Let {^^^■'} (1 < j < Tn^,{[5) ) denote any unitary weight basi^ of E^.(/3) . Then we 
produce algebraic sections: 



For any collection of weights B := {(3i, . . . , (3r} C supp(|U,) we define 

Q,.;B ■■= (g) Q,.;p, e V{Y,^: (g) E^.(A)) . 

l<i<r l<j<r 

Next observe that there is a finite collection {Pi, . . . , Pk{^i.)} of lattice subpolytopes of 
J^ifi,) such that for any v E E^. \ {0} we have 

Af{v)E{Pi,...,Pki,.)}. 

Let B{i) C supp(/i.) denote the vertex set of Pi with corresponding section Q^j„-B{i)- We 
define 

C(z) := supp(/i.) n (A/'(/i.) \ Pi) , 
with corresponding section Q^,-c{i)- 
Lemma 3.3. Let a E G. Then 

(^■y^ (<5/..;i3(i) 7^ 0) n (Q^.;c(i) = 0) if and only if ^^{a ■ w{y)) = Pi . 

Q 

One may use the famous Gelfand-Tsetlin basis. 
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Next we consider the weight A, and define 

D{t) := supp(A.) n {Af{X.) \ {Af{X.) n Pi)) . 
We have the corresponding section 

Qx,;Dii)(y) (8) QA.;a, e r(y, (g) E,.(a,)). 

We now pull back all of the bundles (and the sections Q) we have introduced to G x y via 
the action r. We define constructible subsets Si C G x Y hy 

S^ ■■= {r*Q,.■,Bi^) ^ 0) n (r*Q,,.^c(0 = 0) n {r*Qx.;Di,) ^ 0) . 

Define S := y^\<i<k{ti,)Si. Let t^i denote the projection 7r2 : G x F — \ Y . Observe that 
7r2 (S) coincides with the numerically unstable locus. Since the projection of a constructible 
set is constructible (as is the compliment of any such set) we are done. □ 

3.8. Hilbert-Mumford Semistability and the Semistability of Pairs. We close this sec- 
tion with a direct comparison of the Hilbert-Mumford Semistability and the Semistability 
of Pairs. We hope that the table below makes the relationship bewteen the two theories 
completely transparent. 



Hilbert-Mumford Semistability 


Dominance/Semistability of Pairs 


O^G-w 


a«;na = 


w\{w) < 

for all Ipsg's A of G 


wx{w) - wx{v) < 
for all Ipsg's A of G 


e ^^{w) allH <G 


^^{v) C 7V(w) allH <G 


3C >0 such that 

log (T -wW^ > —C 

all a e G 


3 G > such that 

log (7 ■ -u; p — log cr • V p > — G 

all a e G 


n-\o) n G • [w] ^ 




Y^^{Sf) is (Zariski) open 


, ^) is constructible 



Table 1. 
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Observe that in Table 1 the left hand column arises from the right hand column by taking 
V to be the trivial one dimensional representation of G and v any (nonzero) constant. In 
particular Hilbert-Mumford semistability is a special case of the theory of semistable pairs. 

4. The CM -Polarization Re-examined 
In this section we consider a family parametrized by a smooth quasi-projective base. 

— > y X ^ 




Y 

We assume that the family satisfies the following hypothesis: 

(1) The map X A y is flat . 

(2) The fibers {Xy, L|xj,) are polarized manifolds , L :— 7r2Cpiv(l)|x . 

Let G be a linear reductive (for simplicity) algebraic group. We say that the family X^Y 
is equivariant provided that: 

(1) There is a rational representation p : G — > SL(N + 1, C) . 



(2) X and Y are G-varieties, where G acts naturally on the fibers of tt and for every 
a e G and y e F we have p(cr) • Xy = X^-y . 

Remark 4.1. Usually we have that G = SL{N + 1, C) and p is the identity, however there 
are important examples where G is smaller than the ambient group. 

4.1. The CM Polarization. Now we begin the construction of the pair (=SfR, • Given 
qeZlet Ox{q) := n*OpN{q) . We define 

n+l 

£„+i:=0(9x(l) . 
Choosing m G Z_|_ sufficiently large we define an invertible sheaf ^R{m) on Y by 

{-ly (n(n+l)d-dij.) 

^R{m) := (g) det TT, ( /\ ® Ox(m) ' 

0<j<n+l 

Let px denote the fiberwise Gauss map: 

px : X ^ G(n, N) , px{z) := T,(X,(,)) . 

Let denote the universal rank n + l bundle over G(n, N) . Then the relative bundle of 
one jets of Ox(l) is 

MX/Y) :=piC^"). 
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Let X(„_i) denote the new family 

(4.1) X(„_i) := X X P"-^ C r X P(M„x(iv+i)) • 

Then the map vr = ttiIx^^.^) : X(„_i) — > y is a flat family of polarized manifolds: 

n-\y) = XyX P"-i P(M„x(7v+i)) (Segre image) . 

Therefore we may consider Ji(X(„_i)/F). Letting m G Z+ be sufficiently large we 
define another invertible sheaf J^a (^) on Y by 



^A(m) := (g) det vr, ( /\ Ji(X(„_i)/r)^ ® Oj 

0<i<2n 



('1-1) 




Definition 4.1. Let X ^ F be a flat family of polarized manifolds. The CM-polarization 

of the family is the pair (^^(m) , ^/\{'m)) of invertible sheaves on Y . 

Remark 4.2. The term "polarization" is strictly speaking inappropriate. This terminology 
is used for historical reasons only. The sheaves evidently depend on a choice of a large 
integer parameter m. It turns out that for m large enough they are independent of this 
choice and we denote the common value by {^r , • 

4.2. Proof of Theorem 11.21 Let Y be any G variety. Recall that a G-morphism w from Y 
to a space of divisors on a flag variety 

w.Y — > Div(G'/P, P) ■= ¥{H^{G/P, 1.^)) {(3 dominant) 

is equivalent to the following data: 

An invertible sheaf A G Pic{Y)^ . 

(4.2) An algebraic G-invariant section S of tt*^ (g) vTgL^ over Y x G/P . 

f=T,,^S^O teH%Y,A®H\G/P,hf3)f. 
The pushed down section tti^S* is defined by the formula 

nuSiy) := S{y , ■) e Ay ® H\G/P , L^j) . 
We define a relative Cartier divisor over Y 

Z ■= Div(5) C F X G/P . 
The whole situation is pictured as follows 

(4.3) T^IA®T(*2L^ A(S}H%G/P,l.^) 

t:=ni,S 

Z^ >YxG/P Y 



Y 
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Since t ,t gives an injection 

— > Cy A ^ ® H\G/P, L^) . 
Dualizing and tensoring with A gives a surjection (hence A is globally generated) 

H\G/P, h^y xY ^ A^O , 
and therefore a map w : Y — Div(G'/P, /3) as required. Moreover 

w*0{l)^A 

and the canonical map 

:=a(t(y)) G A 
is an injection. Conversely, given such a map w, we define 

A:=w*0{l) 

S{y,x) := w{y){x) eAy'^'Lp. 

4.3. Determinants of Cayley-Koszul Complexes. In order to proceed with the proof we 
first review in this subsection the situation (treated, for example in [IGKZ94II , ||Pau09ll ) 
where the base of the family X — )■ Y consists of a single orbit O, in other words we are 
really studying a fixed projective variety X (up to the action of G). We refer the reader to 
the references for fuller discussion and complete proofs. 
In this case the diagram (14.31) reduces to 



(4.4) 



>G/P 

Our question in this situation is the following one: 

Given Z how can we find SI 

We begin by studying the situation in an affine space. Let Z be an irreducible algebraic 
hypersurface in some C'^. We need to assume that the basic set up is in force. 

The Basic Set Up . There exists a complex variety X and a vector subbundle S of the 
trivial bundle S := X x C'^ such that the image of the restriction to I = S of the projection 
of£ onto is Z. 



Consider the exact sequence of vector bundles on X 
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There is a section ^ of whose base locus is / where pi is the projection of £^ to X 

and Z equals the image of / under p2\i. This situation is pictured below. 



7r2 



/ % X X 



P2\l 



P2 



— ^c*^ 

Now we attempt to describe the irreducible defining polynomial of Z (denoted by Rz ) 
through an analysis of the direct image of a Cayley-Koszul complex of sheaves on X x C*^. 
LetE= plQ 

K'{E) 



XxC^ 

X <& 
We have the free resolution over Ox^cM 

n+l-j 

(4.5) {K'{E),i{0) ^ i*Oi ^ ; K^{E) := /\ E"" . 

denotes contraction. Let V denote any vector bundle on X . Consider the twisted 
complex 

(4.6) {K'{E) ® py, L,Oi ^pIV^O. 
Given / G C'' pull the complex back to X via the map 

(4.7) if : X ^ X X C'' if{x) := {x, /) 

The crucial point is that i*j:{K*{E)^plV, is an exact complex of locally free sheaves 
on X whenever f &C^\Z. 

Next we make a positivity assumption on V 

(4.8) Assume that W{X, K\E) ® V) = for all i and all j > . 
Given X we call the package 

(4.9) (£,Q,5,V) 
the basic data for Z. 

It follows from the Leray hypercohomology spectral sequence that the complex of finite 
dimensional vector spaces is also exact 

(E-(V) , df) := {H\X, K\E) ® V), a;) fe€'\Z 

(4.10) 

d) = z{0 ■ 
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Recall that the torsion Hspans the determinant of the complex . 
(4.11) 

n+l bj j j 

CTor{E'{V), d}) = 0/\ H%X, /\ ® V)^-^)'^' , b, := /\ ® V) . 

j=0 

Choosing bases {e^*''} in each term of E^{V) exhibits the torsion of the complex as a 
nowhere zero regular function away from Z 

(4.12) f eC^\Z ^ Tor{E'{V), d}; {ej*^}) G C* . 
Therefore this function must be a power of Rz{-)- 

Proposition 4.1. There is an integer q (the Z-adic order of the determinant) such that 

(4.13) Tor(E-(V),9;; {ef}) = RzUY ■ 

Remark 4.3. In particular the torsion of the complex (£'*(V), 9') is a polynomial, or the 

reciprocal of a polynomial. 

Since the boundary operators df are linear in / we may deduce the following. 
Proposition 4.2. The Z-adic order can be computed as follows 

n+l j 

(4.14) qdcg{Rz) = J2i-^y^'jh'iX, /\ ® V) . 

j=0 

Let X — > be an n dimensional complex projective variety. Let Z = Zx be the 
associated hypersurface. In this case the basic data for Z may be chosen as follows : 

£ = Xx Mn+i,N+i{C) 

S = {{x, {lo, h,..., l„))\ h{x) = ; < z < n} 
li denotes a linear form on C^^^. 

n+l 



(4.15) 



Q = 0{l)x(BO{l)x(B---(BO{l)x 



V = Ox{m) m » e Z . 



Let X — > P be a smooth n dimensional complex projective variety. Let Z = X^ be the 
dual variety of X. Let 

p:X — > G{n,N) 



For the definition and basic properties of the torsion (determinant) of an exact complex see the appendix 
in IIGKZ94II or IIPau09L 
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be the Gauss map of X and the rank n + 1 tautological bundle over G(n, A^). In this 
case the basic data for Z may be chosen as follows : 

£ = Xx (C^+i)^ 

S = {ip, f) I Pip) C Ker(/)} , / G (C^+^)" \ {0} 



(4.16) 



V = Ox{m) , m » G Z . 

Now we may state the following result which is required for the proof of Theorem 1 1.21 

Proposition 4.3. (Paul [IPau09H ) 
(4.17) 

n+i j I deg(-Rx) Z is the associated hypersurface of X, 

Y.{-iy^'3h\X,}\Q'^®V)=\ 

I deg(Ax) Z is the dual variety ofX . 

In particular we see that in these cases q, the Z-adic order of the torsion, is equal to one . 



4.4. Families of Resultants. We consider a flat family X ^ F of polarized varieties . 
We assume, although this can be avoided, that Y is smooth. The situation we will consider 
may be pictured as follows. 



(4.18) 



E >pIOpn{i)®p;q 



h^^^ X X G ■ 
p 

>Y X G 

pi 
Y 



Smoothness is not necessary for resultants 
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In the diagram above we have defined 

i) : C^; C^+7L , i{zv) = 7^l{zv) 

ttl : C^+^ — > C^+^/L denotes the projection. 
Observe that CI = if and only if i> e L . 



(4.19) 



m) g : X X G — > X G is defined by q{x, L) := {tx2{x), L) . 
G := <G{N -n-l,N) . 

Hi) E := q* (ptOpiv(l) ®pIQ) 
h := {q*{0 = 0) . 

iv)p -.XxG — > y X G is defined by p(a;, L) := {n{x),L) 
Z := p(Jx) . 

Remark 4.4. The reader should observe that Z n ({y} x G) is the associated hypersurface 
ofXj,. 

In exactly the same way as before we have a Cayley-Koszul complex K* (E) (over XxG) 
associated to the structure sheaf of Ix , where i{q*{^)) denotes contraction 

n+l n 

K'{E) /\ ^ yy^v ^ . . . ^ ^ ^^^^ ^ ^^o,^ 
We are interested in the direct image of the twisted complex K'{E){m) (m » 0) . 

(4.20) K'{E){m) ^ (^f\E'' ^ Ox(m) j (0 < i < n + 1) . 

Proposition 4.4. 

i) All terms of p^K* {E){m) are locally free . 

ii) p^K'{E){m) is exact away from Z . 

in) There is an isomorphism of sheaves on F x G 

detp.X'(£;)(m)®("("+^)''-'^^) ^pl{^R{m))®plOG{^^) ■ 

iv) There is a canonical section 5" e H'^{Y x G, detp*i^r'(i?)(m)) such that 
for every y eY , S{y, ■) E ¥H%G, O^id)) satisfies Div{S{y, ■)) = Zx^ • 
Therefore Div{S) = Z , det p^K*{E){m) ^ 0{Z) and Z — >Y has the 
structure of a relative Cartier divisor over Y . 

Recall that C>g(^) := det(Q)®^ for any A; e Z . 
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Proof, i) and ii) follow at once from general theory. The proof of iii) is an easy computa- 
tion. To begin we observe that 



3 

+1 



3 

+1 



(4.21) 



3 

+1 



Therefore 



(\ !g)(n(n+l)<i— d/^) 
(g) det(7r.(C»x(m-j))^"'^'^"^'M = ■ 

0<i<n+l / 

Next we see that 

i 

(4.23) K\E){m) ^ plO^{m - i) ® f\Q'' . 
Therefore 

i 

detp,(i^^(£;)(m)) ^p*(det7r,Ox(m-i))("^') (^p;det(A Q'')^^"*-^) 

P(m - i) = C»x(m - i)|xj . 

By the splitting principal and the fact that Pic(G(/c, n)) = Z we have the following isomor- 
phism for 1 < i < n + 1 

i 

(4.24) det(A Q"") = det(Q^)(*-i) . 
Therefore 

(g) det(p,i^^(E)(m))(-i)' J =p^(=^R)®p;det(Q)^ 

^0<i<n+l / 

(4.25) 

n+l 



I := + 1) - d^J) ( • T i ) ~ ^) 

i=o 
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Part Hi) now follows from the elementary identity 



n+l 

' n 



(4.26) ^(_i)^+if Jp(^_,) = rf. 



i=0 



The proof of iv) depends on the preceding discussion together with a straightforward ex- 
tension of that discussion. More precisely we need the following well known result which 
can be traced back to work of Arthur Cayley. 

Lemma 4.1. Let {£*, d,) be a bounded complex of locally free sheaves on a variety 
If this complex is exact then the torsion provides a global nonvanishing section of the 
determinant line bundle 

(4.27) det(f d.) := (g) /\{S'Y~'^'^" ^ Ox , r, := mk(r) . 

i 

We apply Lemma l4rT] in the present situation by choosing 

£'=p,K\E){m) , 

(4.28) 

^ = r X G\z . 

Then we have 

Tov{p,K\E){m) , a.)®''^"^ e H\Y xG\Z, pl{^R{m)) ® p;OG{d^i{n))) 

(4.29) 

/i(n) := n{n + l)d — dfi . 

Lemma 4.2. Tor(p^K* {E){m) , d,) vanishes identically on Z, the fi(ny^ power extends 
to a global section S of p*(^ij(m)) ® P20Q{dn{n)) satisfying condition (14.21) , and the 
induced morphism 

(4.30) Y — y FH^{G, 0{dn{n))) = P(Ea.) 
coincides with R . Therefore _R is a regular map of quasi projective varieties. 
Proof. Observe that 

(4.31) {{y} xG)\{Zn {{y} x G)) = G \ Zx, • 
Under the dominant (rational) map 



(4.32) TT : M(„+i)x(Ar+i) \ vr-i(^xj G \ Zx, 
we have that 

(4.33) n*{Tor{p,K-{E){m) , d.)\G\z^J 

coincides with the torsion of the complex constructed from the basic data (14.151) . By Propo- 
sitions |4]2] and |43] this is the Cayley Chow form of Xy. Therefore Tor(p^,K' (E) (m) , d,) 
vanishes on Z H ({y} x G) for any y eY. Therefore it vanishes identically on Z and hence 
extends to a global section . The remaining properties are immediate. □ 
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Corollary 4.1. Let 0{Z) denote the line bundle corresponding to Z. Then there is an 
isomorphism 

(4.34) 0{Z) = pl{^R{m))^p;OG{dfi{n)) . 

Consequently the sheaf ^ji{m) is independent of m. 

This completes the proof of Proposition 14.41 . □ 

4.5. Families of Discriminants. In this section we consider a flat family X ^ F of po- 
larized manifolds satisfying the non-degeneracy condition 

7r,(c„(Ji(X/F)) e Z+ . 

That is, all of the fibers Xy are dually non-degenerate and the discriminants of the fibers 
have (common) degree rf^ > . This follows from a result of [IBFS92II . The situation we 
will consider may be pictured as follows. 



p 



> F X P- 

pi 
Y 

In the diagram above we have defined 

^) C|(L,[/]) : L C^-*-Vker(/) , ({u) = 7rker(/)(«) 
7rker(/) : C^^^ — > C^^^ /ker{f) denotes the projection. 
Observe that CI(l,[/]) = if and only if L C ker(/) . 



n)q:Xx P^"" — y G{n, N) x P^"" is defined by q{x, [/]) := {px{x), [/]) 
G := G{N-n-l,N) . 

in) F := q* (p*^^ ® p^Cpivv (1)) 

Jx := (g*(C) = 0) . 



iv)p:Xx¥^'' X F^^ is defined by p{x, [/]) := (7r(a;), [/]) 

Z := p{Ix) . 



Remark 4.5. The reader should observe that Z fi {{y} x p^^) is the dual variety of the 



fiber Xy. 
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As in the resultant case we study the Cayley-Koszul complex associated to the structure 
sheaf of Jx '■ 

n.+ l n 

/\ ^ A^' ^ ••• ^ ^xxP- ^ ^.Oj^^O 

We are interested in the twisted complex K*{F){m) of sheaves on X x P^^ for m >> 

i 

K\F){m) := y\ ® Cx(m) (0 < z < n + 1) . 

Proposition 4.5. 

i) All terms of p^K* {F){m) are locally free . 

ii) p^K' {F){m) is exact away from Z . 
Hi) We define an invertible sheaf ^ on F by 

i 

(g) det7r,(/\ji(X/F)^®Ox(m))(-i)\ 

0<i<n+l 

Then A is independent of m and there is an isomorphism of sheaves on F x 

dietp,K*{F){m)^pl{A)(dplO^Ny{d^) . 

iv) There is a canonical section A G H'^{Y x P^^, det p^K'{F){m)) such that 
for every yeY A{y, ■) G P//°(P^'', Cpivv(c/^)) satisfies Div{A{y, ■)) = X^,'' . 
Therefore L>it;(A) = Z, detp^K'{F){m) = 0{Z) and Z — >Y has the 
structure of a relative Cartier divisor over Y . 

Proof. The proof is identical to the one for resultants. We will just give an indication of 

in). 

p,K\F){m) ^ pl TT, ^/\ Ji(X/r)^®Ox(m)j ®Cpivv(-z) . 
Therefore , we have the following 

det{p,K\F){m)) = pldeiu, ^/\ Ji(X/r)^ ® Cx(m) j ® O^N-{-ih\i-m)) , 

i 

h\i-m) := /i°(X„/\(Ji(Op^(l)UJ(m)) . 
Therefore 

(g) dei{p,K\F){m)f~'y^' =pl{A)®plO^^^{ J] m)) . 

0<i<n+l 0<j<n+l 

Mz) the follows from the next claim. For the proof the reader should see nPau09ll pgs. 
1357-1362. 
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Claim 4.1. The function 

i 

0<j<n+l 

is constant with value 7r*(c„( Ji(X/F)), the degree of the dual of any fiber of the family 
X — >Y. 

□ 

To complete the proof of Theorem II .21 one twists the given family X — )■ Y fiberwise 
by p"-i (see (14.11 ) ) then applies Proposition 14.51 to this new family. For the computation 
of the degree of the hyperdiscriminant recall Proposition 12.21 . Further details are left to the 
reader. 

Part (2) of Theorem I 1 . 3 [ requires Theorem A together with corollary B. 1[ The dependence 
of the constant M on line (|1.10l) comes from the definition of the weights A, and fi, and the 
discussion found after remark 5 on pg. 276 of UPaullI . Part (4) follows from Proposition 

(mi. 

Theorem [L4] follows from Theorem A and Proposition 13.61 . 

5. ASYMPTOTICS AS k > OO 

Let k E 1^+ and let (X, L) be a polarized manifold. Fix a Hermitian metric h on L with 
curvature form coh = —y/—Tdd log h. Then the Bergman space associated to the Kodaira 
embedding 



Bk:= a ESLiNk + l,C) 



is given by 

The importance of the spaces Bk is brought out in the following theorem, due to Tian. 
Theorem 5.1. f [|Tia90l ) The union IJfc>i is dense in T-Lui in the topology. 
Let R{k), A(fc), M{k) be the k dependent data associated to the embedding 

X ^ F^" 

An immediate consequence of Theorems 11.41 and |5 . 1 1 is the following. 

Theorem 5.2. Assume the sequence {M{k)}k>i is bounded by a constant M. Then the 
infimum of the Mabuchi energy over the entire space of Kahler metrics in the class [cu] is 
given by 

|(n + l) inf z/^(y?) - inf -^logtan^ dg{OR(^k)A{k),OR(^k))\ < M . 

Theorems 15.11 and 1 5.21 motivate the following definition. 

Definition 5.1. Let (X, L) be a polarized manifold. Then (X, L) is asymptotically semistable 

provided 

(5.1) I ^mf^ ^ logtan^ dg{ORi^k)A{k), < oo . 
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The current status of the author's approach to the standard conjectures is exhibited in the 
following flow chart. 



^ 

Existence 

of a 
Canonical 








(1) 


Mabuchi 
energy 
lower 
bound 

on "H^ 


(2) 


metric in 
the class 

[u] = c,{L) 








1 





Uniform 

lower 
Mabuchi 

energy 
bound on 
Bk (all k) 



(3) 



Lower 
Mabuchi 
energy 
bound on 
Bk (fixed k) 



(6) 



(4) 



asymp- 
totically 

semistable 



(5) 



Semistable 
embedding 

X P^* 
(fixed k) 



Figure 3. 

(1) This is due to Bando and Mabuchi when L = —Kx [BM87]. See Chen and Tian 
for the general case f.CTOSJ . See also Donaldson [DonOSJ and Li ||Chi09l . 

(2) This is Tian's density Theorem [|Tia90L 

(3) Obvious. 

(4) This equivalence is due to the author [IPaullL Partial results can be found in 
[ITOTl . 

(5) Follows from the definition of asymptotic semistability . 

(6) This equivalence holds provided the sequence {M(A;)}fc>i is bounded. 



Conjecture 5.1. The sequence {M{k)}k>i is bounded. 

Acknowledgements 

The author owes an enormous debt of gratitude to Professor Joel Robbin who listened 
carefully over the past year to the author's lectures on various versions of this paper, his 
many questions helped sharpen many (if not all) of the statements. In particular Theorem 
11.41 was suggested by him. The author also thanks Jeff Viaclovsky and Alina Marian for 
their advice on how to better structure the paper and Gabriele LaNave and Alberto Delia 
Vedova for early conversations on this work. 

References 

[AB06] Valery Alexeev and Michel Brion. Stable spherical varieties and their moduli. IMRP Int. Math. 
Res. Pap., pages Art. ID 46293, 57, 2006. 



CM STABILITY 



51 



[Aub76] Thierry Aubin. Equations du type monge-ampere sur les varietes kahleriennes compactes. C.R.A. S. 
Paris, 283A, (1976). 

[BFS92] Mauro C. Beltrametti, M. Lucia Fania, and Andrew J. Sommese. On the discriminant variety of a 

projective manifold. Forum Math., 4(6):529-547, 1992. 
[Bir71] David Birkes. Orbits of linear algebraic groups. Ann. of Math. (2), 93:459-475, 1971. 
[BLV86] M. Brion, D. Luna, and Th. Vust. Espaces homogenes spheriques. Invent. Math., 84(3):617-632, 

1986. 

[BM87] Shigetoshi Bando and Toshiki Mabuchi. Uniqueness of Einstein Kahler metrics modulo connected 

group actions. In Algebraic geometry, Sendai, 1985, volume 10 of Adv. Stud. Pure Math., pages 

11-40. North-Holland, Amsterdam, 1987. 
[Bri87] Michel Brion. Sur I'image de 1' application moment. In Seminaire d'algebre Paul Dubreil etMarie- 

Paule Malliavin (Paris, 1986), volume 1296 of Lecture Notes in Math., pages 177-192. Springer, 

Berlin, 1987. 

[Cay48] Arthur Cayley. On the theory of elimination. Cambridge and Dublin Math Journal, 3, 1848. 
[Cay60] Arthur Cayley. On a new analytical representation of curves in space. Quarterl J. of Pure andAppl. 
Math, 3:225-236, 1860. 

[CF03] Stephanie Cupit-Foutou. Classification of two-orbit varieties. Comment. Math. Helv., 78(2):245- 
265, 2003. 

[Chi09] L. Chi. Constant scalar curvature kahler metrics and k-energy. arXiv:0909.3443vl, 2009. 

[CT08] X. X. Chen and G. Tian. Geometry of Kahler metrics and foUations by holomorphic discs. Publ. 
Math. Inst Hautes Etudes ScL, (107): 1-107, 2008. 

[DC87] Corrado De Concini. Equivariant embeddings of homogeneous spaces. In Proceedings of the In- 
ternational Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif, 1986), pages 369-377, Provi- 
dence, Rl, 1987. Amer. Math. Soc. 

[DCP83] C. De Concini and C. Procesi. Complete symmetric varieties. In Invariant theory (Montecatini, 
1982), volume 996 of Lecture Notes in Math., pages 1^4. Springer, Berlin, 1983. 

[Dol03] Igor Dolgachev. Lectures on invariant theory, volume 296 of London Mathematical Society Lec- 
ture Note Series. Cambridge University Press, Cambridge, 2003. 

[Don02] S. K. Donaldson. Scalar curvature and stabiUty of toric varieties. J. Differential Geom., 62(2):289- 
349, 2002. 

[Don05] S. K. Donaldson. Scalar curvature and projective embeddings. II. Q. J. Math., 56(3):345-356, 
2005. 

[DT92] Wei Yue Ding and Gang Tian. Kahler-Einstein metrics and the generalized Futaki invariant. Invent. 

Math., 110(2):3 15-335, 1992. 
[Fog69] John Fogarty. Truncated Hilbert functors. /. Peine Angew. Math., 234:65-88, 1969. 
[Fra02] Matthias Franz. Moment polytopes of projective G-varieties and tensor products of symmetric 

group representations. J. Lie Theory, 12(2):539-549, 2002. 
[Fut83] A. Futaki. An obstruction to the existence of Einstein Kahler metrics. Invent. Math., 73(3):437- 

443, 1983. 

[GKZ90] I. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky. Newton polytopes of the classical resultant 
and discriminant. Ac/v. Math., 84(2):237-254, 1990. 

[GKZ94] I. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky. Discriminants, resultants, and multidimen- 
sional determinants. Mathematics: Theory & Applications. Birkhauser Boston Inc., Boston, MA, 
1994. 

[GS06] Victor Guillemin and Reyer Sjamaar. Convexity theorems for varieties invariant under a Borel sub- 
group. Pure Appl. Math. Q., 2(3, Special Issue: In honor of Robert D. MacPherson. Part 1):637- 
653, 2006. 

[Kem78] George R. Kempf. Instability in invariant theory. Ann. of Math. (2), 108(2):299-3 16, 1978. 

[Kim03] Tatsuo Kimura. Introduction to prehomogeneous vector spaces, volume 215 of Translations of 
Mathematical Monographs. American Mathematical Society, Providence, RI, 2003. Translated 
from the 1998 Japanese original by Makoto Nagura and Tsuyoshi Niitani and revised by the author. 

[KM76] Finn Faye Knudsen and David Mumford. The projectivity of the moduU space of stable curves I: 
Preliminaries on "det" and "Div". Math. Scand., 39(l):19-55, 1976. 

[Lu04] Zhiqin Lu. ii' energy and iV' stabihty on hypersurfaces. Comm. Ana/. Geom., 12(3):601-630,2004. 



52 



SEAN TIMOTHY PAUL 



[Mab86] Toshiki Mabuchi. ii'-energy maps integrating Futaki invariants. Tohoku Math. J. (2), 38(4):575- 
593, 1986. 

[MFK94] D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of Ergebnisse der 

Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)]. Springer- 

Veriag, Berlin, third edition, 1994. 
[Nes84] Linda Ness. A stratification of the null cone via the moment map. Amer J. Math., 106(6): 1281- 

1329, 1984. With an appendix by David Mumford. 
[Pau09] Sean Timothy Paul. On a result of Gelfand, Kapranov and Zelevinsky. Advances in Math., 

221:1345-1363,2009. 

[Paul 1] Sean Timothy Paul. Hyperdiscriminant polytopes, Chow polytopes, and Mabuchi energy asymp- 
totics. Annals of Math., (http://annals.math.princeton.edu/articles/2654), 201 1. 

[Sha94] 1. R. Shafarevich, editor. Algebraic geometry. IV, volume 55 of Encyclopaedia of Mathematical 
Sciences. Springer- Verlag, Berlin, 1994. Linear algebraic groups. Invariant theory, A translation 
of It Algebraic geometry. 4 (Russian), Akad. Nauk SSSR Vsesoyuz. Inst. Nauchn. i Tekhn. In- 
form., Moscow, 1989 [ MRl 100483 (91k:14001)], Translation edited by A. N. Parshin and 1. R. 
Shafarevich. 

[Smi04] A. V. Smirnov. Classification of nearly closed orbits for the action of semisimple complex linear 
groups on the projective spaces. In Invariant theory in all characteristics, volume 35 of CRM Proc. 
Lecture Notes, pages 251-257. Amer. Math. Soc, Providence, RI, 2004. 

[Tev05] E. A. Tevelev. Projective duality and homogeneous spaces, volume 133 oi Encyclopaedia of Math- 
ematical Sciences. Springer- Verlag, Berlin, 2005. Invariant Theory and Algebraic Transformation 
Groups, IV. 

[Tia90] Gang Tian. On a set of polarized Kahler metrics on algebraic manifolds. J. Differential Geom., 
32(1):99-130, 1990. 

[Tia94] Gang Tian. The ii'-energy on hypersurfaces and stability. Comm. Anal. Geom., 2(2):239-265, 
1994. 

[Tia97] Gang Tian. Kahler-Einstein metrics with positive scalar curvature. Invent. Math., 130(1): 1-37, 
1997. 

[Wey03] Jerzy Weyman. Cohomology of vector bundles and syzygies, volume 149 of Cambridge Tracts in 

Mathematics. Cambridge University Press, Cambridge, 2003. 
[WZ94] Jerzy Weyman and Andrei Zelevinsky. Multiplicative properties of projectively dual varieties. 

Manuscripta Math., 82(2): 139-148, 1994. 
[Yau78] Shing Tung Yau. On the Ricci curvature of a compact Kahler manifold and the complex Monge- 

Ampere equation I. Comm. Pure andAppl. Math., 31, 1978. 
[Zak93] F. L. Zak. Tangents and secants of algebraic varieties, volume 127 of Translations of Mathematical 

Monographs. American Mathematical Society, Providence, Rl, 1993. Translated from the Russian 

manuscript by the author. 
E-mail address: stpaulgmath . wise . edu 



Mathematics Dept. Univ. of Wisconsin, Madison 



